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1<b <d, —a, +1 (30.41)

where d, is the algebraic multiplicity of 4, and a, is the multiplicity of A, in m,as shown in
(30.21). Further, b, =d, if and only if

K(9,(A)) = K(g:(A)) (30.42)

Proof. If A, isasimplerootof m,i.e., a =1 and g, =m,, then from (30.34) and (30.40) we
have b, =d,. On the other hand, if 4, isa multiple root of m,i.e., a, >1 and m_=g.*, then the
polynomials g,,9/,...,g*™ are proper divisors of m, . Hence by Theorem 30.3

7 (%) = K(9(A)) € K(gg(A)) -+ < K(g* 7 (A)) € K(m, (A)) (30.43)

where the inclusions are strictly proper and the dimensions of the subspaces change by at least one
in each inclusion. Thus (30.41) holds.

The second part of the theorem can be proved as follows: If 4, is a simple root of m, then
m, =g,, and, thus K(g,(A)) = K(g/(A)) =7 (4,). On the other hand, if 4_is not a simple root
of m, then m, is at least of second degree. In this case g, and g/ are both divisors of m. But
since g, is also a proper divisor of g7, by Theorem 30.3, K(g, (A)) is strictly a proper subspace
of K(g:(A)), so that (30.42) cannot hold, and the proof is complete.

The preceding three theorems show that for each eigenvalue 4, of A, generally there are
two nonzero A -invariant subspaces, namely, the eigenspace 7(4,) and the subspace K(m, (A)).
For definiteness, let us call the latter subspace the characteristic subspace corresponding to 4, and
denote it ‘by the more compact notation #(4,). Then ¥'(4,) is a subspace of #(4,) in general,
and the two subspaces coincide if and only if A4, is a simple root of m. Since A, isthe only
eigenvalue of the restriction of A to #(4,), by the Cayley-Hamilton theorem we have also

(%) = K((A-21)%) (30.44)
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where d, is the algebraic multiplicity of A, , which is also the dimension of #(4,). Thus we can
determine the characteristic subspace directly from the characteristic polynomial of A by (30.44).

Now if we define P, to be the projection on #(4,) in the direction of the remaining
U(4;), j =k, namely

R(P)=%(4),K(P,) :-Cé A(4,) (30.45)

jzk

and we define B, tobe A—-AP, on %(4) and 0 on #%(4;), j=k, then A has the spectral
decomposition by a direct sum

L
A=> (1P, +B)) (30.46)
j=1
where

2
Py =P,

PB;=B;P; =B, j=1..L (30.47)
BY =0, 1<a, <d,

PP, =0
PB, =B/, =0 j=k, jk=1..L (30.48)
B,B, =0,

In general, an endomorphism B satisfying the condition

B*=0 (30.49)

for some power a is called nilpotent. From (30.49) or from Theorem 30.9 the only eigenvalue of a
nilpotent endomorphism is 0, and the lowest power a satisfying (30.49) is an integer a,1<a<N,

such that t" is the characteristic polynomial of B and t* is the minimal polynomial of B. In view
of (30.47) we see that each endomorphism B in the decomposition (30.46) is nilpotent and can be
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regarded also as a nilpotent endomorphism on #(4;). In order to decompose A further from

(30.46) we must determine a spectral decomposition for each B;. This problem is solved in
general as follows.

First, we recall that in Exercise 26.8 we have defined a nilcylic endomorphism C to be a
nilpotent endomorphism such that

c'=0 but  CY'%0 (30.50)

Where N is the dimension of the underlying vector space ¥". For such an endomorphism we can
find a cyclic basis {e,,....e, } which satisfies the conditions

Cc'e,=0, CV'e,=e,..Ce,=¢,, (30.51)

or, equivalently

C'e, =e,, CV?%,=¢e,,..,Ce,=¢€,, (30.52)
so that the matrix of C takes the simple form (26.19). Indeed, we can choose e, to be any vector

such that C" e #0; then the set {e,,....e, } defined by (30.52) is linearly independent and thus

forms a cyclic basis for C. Nilcyclic endomorphisms constitute only a special class of nilpotent
endomorphisms, but in some sense the former can be regarded as the building blocks for the latter.
The result is made precise by the following theorem.

Theorem 30.12. Let B be a nonzero nilpotent endomorphism of ¥ in general, say B satisfies the
conditions

B*=0 but  B*'%0 (30.53)

for some integer a between 1 and N . Then there exists a direct sum decomposition for ¥ :

V=4® DY, (30.54)

and a corresponding direct sum decomposition for B (in the sense explained in Section 24):
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B=B,+ +B (30.55)
1 M

such that each B; is nilpotent and its restriction to ] is nilcyclic. The subspaces %,...,%;, inthe

decomposition (30.54) are not unique, but their dimensions are unique and obey the following
rules: The maximum of the dimension of ¥;,...,7;, is equal to the integer a in (30.53); the number

N, of subspaces among 7,...,7%, having dimension a is given by

N, = N —dimK (B*?) (30.56)

More generally, the number N, of subspaces among ¥;,...,%;, having dimensions greater than or
equal to b is given by

N, =dimK(B") -dimK(B" ™) (30.57)

forall b=1,...,a. In particular, when b=1, N, isequal to the integer M in (30.54), and (30.57)
reduces to

M =dim K (B) (30.58)

Proof. We prove the theorem by induction on the dimension of ¥~ . Clearly, the theorem is valid
for one-dimensional space since a nilpotent endomorphism there is simply the zero endomorphism
which is nilcylic. Assuming now the theorem is valid for vector spaces of dimension less than or
equal to N —1, we shall prove that the same is valid for vector spaces of dimension N .

Notice first if the integer a in (30.53) is equal to N, then B is nilcyclic and the assertion is
trivially satisfied with M =1, so we can assume that 1<a < N. By (30.53),, there exists a vector

e, €7 suchthat B*'e, 0. Asin (30.52) we define

B*'e, =e,,...,Be,, (30.59)

a

Then the set {el,...ea} is linearly independent. We put #; to ‘be the subspace generated by
{e,,...e,}. Then by definition dim¥, =a, and the restriction of B on ¥ is nilcyclic.
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Now recall that for any subspace of a vector space we can define a factor space (cf. Section
11). As usual we denote the factor space of ¥ over ¥ by 7/¥,. From the result of Exercise 11.5

and (30.59), we have
dim7/#=N-a<N-1 (30.60)

Thus we can apply the theorem to the factor space 7'/%, . For definiteness, let us use the notation
of Section 11, namely, if v e ¥, then V denotes the equivalence set of v in ¥’/% . This notation
means that the superimposed bar is the canonical projection from ¥ to ¥'/¥; . From (30.59) it is
easy to see that #; is B -invariant. Hence if u and v belong to the same equivalence set, so do
Bu andBv. Therefore we can define an endomorphism B on the factor space ¥/, , by

BV =Bv (30.61)

forall vev orequivalently forall ve /¥, Applying (30.60) repeatedly, we have also

BV =B'v (30.62)

for all integers k . In particular, B is nilpotent and

B =0 (30.63)

By the induction hypothesis we can then find a direct sum decomposition of the form
VIV =UD - DU, (30.64)

for the factor space 7/#; and a corresponding direct sum decomposition

B=F+F (30.65)
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for B. In particular, there are cyclic bases in the subspaces %,...,%, forthe nilcyclic

endomorphisms which are the restrictions of F,,,,,F, to the corresponding subspaces. For

definiteness, let {f,,....T,} be a cyclic basis in %, say

B"f, =0, B"'f,=f,...Bf, =1, (30.66)

From (30.63), is necessarily less than or equal to a.

From (30.66); and (30.62) we see that B"f, belongs to ¥ and, thus can be expressed as a
linear combination of {e,,...,e,}, say

Ebfb — alel + o4 aaea = (alBa{L +-- 4 aa_lB + aal)ea (3067)

Now there are two possibilities: (i) B°f, =0 or (ii) B"f, #0. In case (i) we define as before

B*'f =f,...Bf =f (30.68)

Then {f,,...f,} isalinearly independent set in 7", and we put ¥, to be the subspace generated by

{f,,....f,}, On the other hand, in case (ii) from (30.53) we see that b is strictly less than a;
moreover, from (30.67) we have

0=B%, =(a,, B+ +a,B e, =a, .6+ +ag (30.69)
which implies
—q = =a,=0 (30.70)
or equivalently
B’f, =(a,B** +---+a, B")e, (30.72)

Hence we can choose another vector f,' in the same equivalence set of f, by
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f'=f, (B "'+ -+ e, =f —ae,,——a, e (30.72)

a

which now obeys the condition B°f,' =0, and we can proceed in exactly the same way as in case

(i). Thus in any case every cyclic basis {ﬁfb} for % gives rise to a cyclic set {f,,...,f,} in 7.

Applying this result to each one of the subspaces %, ..., %, we obtain cyclic sets {fl, -..,fb} ,
{9;,.-.9.} ..., and subspaces 7;,...,7;,, generated by them in »". Now it is clear that the union of

{ey e}, {fnf}0{9,0,-,9, ) ..., form a basis of 7 since from (30.59), (30.60), and (30.64)
there are precisely N vectors in the union; further, if we have

o +-+ae, +p f++ 4 +19,+ - +y9.+--=0 (30.73)

then taking the canonical projection to 7/, yields

B f1""""‘/Bbfb""7/151""""'7/(:@:""":0

which implies

B==f=p==p,=-=0

and substituting this result back into (30.73) yields

a==a,=0

Thus 7 has a direct sum decomposition given by (30.54) with M = p+1 and B has a
corresponding decomposition given by (30.55) where B,,...,B,, have the prescribed properties.

Now the only assertion yet to be proved is equation (30.57). This result follows from the
general rule that for any nilcylic endomorphism C on a L-dimensional space we have
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1 for 1<k<L

dimK(C*) —dim(C*?) =
mK(C) - dim(c™) {O for k> L

Applying this rule to the restriction of B; to 7" forall j=1,...,M and using the fact that the

kernel of B¥ is equal to the direct sum of the kernel of the restriction of (Bj)k forall j=1,.,.M,
prove easily that (30.57) holds. Thus the proof is complete.

In general, we cannot expect the subspaces 7;,...,7;, in the decomposition (30.54) to be
unique. Indeed, if there are two subspaces among %,..., %, having the same dimension, say
dim¥, =dim¥, =a, then we can decompose the direct sum ¥ @ ¥, in many other ways, e.g.,

VDN =V 1DV (30.74)

and when we substitute (30.74) into (30.54) the new decomposition

V=A1®V DY D--- DY
possesses exactly the same properties as the original decomposition (30.54). For instance we can

define ¥/ and ¥, to be the subspaces generated by the linearly independent cyclic set {él,...,éa}

and {f,,....f, |, where we choose the starting vectors &, and f, by

&, =ae, + ff,, f, =ye, +5f,
provided that the coefficient matrix on the right hand side is nonsingular.

If we apply the preceding theorem to the restriction of A—A4,1 on %, we see that the

inequality (30.41) is the best possible one in general. Indeed, (30.41), becomes an equality if and
only if % has the decomposition

U = Uy D -~ D Uy, (30.75)

where the dimensions of the subspaces %, ...,%,, are
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dim%, =a,, dim%,=---=dim%,, =1

If there are more than one subspaces among %,,,...,%,, having dimension greater than one, then
(30.41), is a strict inequality.

The matrix of the restriction of A— 4,1 to % relative to the union of the cyclic basis for
U,,.... %y, hasthe form

Aq 0
Ac

A = ' | (30.76)

where each submatrix A, in the diagonal of A has the form

A1 0
A1
A, = ' . (30.77)
1
0 A

Substituting (30.76) into (24.5) yields the Jordan normal form for A :
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Au 0
A,

M(A)=| 0 (30.78)

0 I

The Jordan normal form is an important result since it gives a geometric interpretation of an
arbitrary endomorphism of a vector space. In general, we say that two endomorphisms A and A’
are similar if the matrix of A relative to a basis is identical to the matrix of A" relative to another
basis. From the transformation law (22.7), we see that A and A" are similar if and only if there
exists a nonsingular endomorphism T such that

A'=TAT™ (30.79)

Clearly, (30.79) defines an equivalence relation on £(7";7"). We call the equivalence sets relative
to (30.79) the conjugate subsets of #(¥";7"). Now for each A € #(¥;#") the Jordan normal form

of A isa particular matrix of A and is unique to within an arbitrary change of ordering of the
various square blocks on the diagonal of the matrix. Hence A and A'are similar if and only if
they have the same Jordan normal form. Thus the Jordan normal form characterizes the conjugate
subsets of Z(7";7)

Exercises

30.1 Prove Theorem 30.5.
30.2 Prove the general case of Theorem 30.7.

30.3 Let U be an unitary endomorphism of an inner product space ¥”. Show that U has a
diagonal form.

30.4 If ¥ isareal inner product space, show that an orthogonal endomorphism Q in general
does not have a diagonal form, but it has the spectral form



Sec. 30 . Arbitrary Endomorphisms 201

M(Q) =

cosg, -sing
0 sing, cosé,

cosg, —sing,
sing,  cosf, |

where the angles 6,,...,6, may or may not be distinct.

30.5 Determine whether the endomorphism A whose matrix relative to a certain basis is

1 1 0
M(A)=|0 1 0
0 -1 1

can have a diagonal matrix relative to another basis. Does the result depend on whether the
scalar field is real or complex?

30.6 Determine the Jordan normal form for the endomorphism A whose matrix relative to a
certain basis is

M (A) =

o O K
o R Bk
N N






Chapter 7

TENSOR ALGEBRA

The concept of a tensor is of major importance in applied mathematics. Virtually ever
discipline in the physical sciences makes some use of tensors. Admittedly, one does not always
need to spend a lot of time and effort to gain a computational facility with tensors as they are
used in the applications. However, we take the position that a better understanding of tensors is
obtained if we follow a systematic approach, using the language of finite-dimensional vector
spaces. We begin with a brief discussion of linear functions on a vector space. Since in the
applications the scalar field is usually the real field, from now on we shall consider real vector
spaces only.

Section 31. Linear Functions, the Dual Space

Let ¥~ be a real vector space of dimension N. We consider the space of linear functions
& (v;#) from 7 into the real numbers #. By Theorem 16.1, #(7;%#)=dim¥ =N . Thus

v and & (¥;%)are isomorphic. We call (7 ;%) the dual Space of ¥, and we denote it by

the special notation ¥~. To distinguish elements of ¥~ from those of 7, we shall call the
former elements vectors and the latter elements covectors. However, these two names are

strictly relative to each other. Since 7 is a N-dimensional vector space by itself, we can apply
any result valid for a vector space in general to 7 as well as to #". In fact, we can even define

a dual space ("//) for ¥ just as we define a dual space ¥ for #". In order not to introduce

too many new concepts at the same time, we shall postpone the second dual space("// : ) until the
next section. Hence in this section ¥~ shall be a given N-dimensional space and 7™ shall denote
its dual space. As usual, we denote typical elements of ¥ by u,v,w,.... Then the typical

elements of ¥ *are denoted by u’,v",w’,.... However, it should be noted that the asterisk here is

strictly a convenient notation, not a symbol for a function from ¥ to ¥™. Thus u” is not related
in any particular way to u. Also, for some covectors, such as those that constitute a dual basis to
be defined shortly, this mutation becomes rather cumbersome. In such cases, the notation is

simply abandoned. For instance, without fear of ambiguity we denote the null covector in ¥~ by
the same notation as the null vector in #°, namely 0, instead of 0".

If vie? ™, then v* is a linear function from¥ to £, i.e.,
VY >R

203
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such that for any vectors u,v,e ¥” and scalars «, f,€ £

Vi(au+pv)=av'(u)+pv(v)

Of course, the linear operations on the right hand side are those of £ while those on the left hand
side are linear operations in #". For a reason the will become apparent later, it is more

convenient to denote the value of v* at v by the notation <v*,v>. Then the bracket < : }
operation can be viewed as a function

()P xV >R

It is easy to verify that this operation has the following properties:

(i) <av* +ﬂu*,v>=a<v*,v>+ﬁ<u*,v>
(i) <v*,au+ﬂv>:a<v*,u>+ﬂ<v*,v>

(31.1)
(iii) For any given v,<v*, v> vanishes for all ve ¥ if and only if v*=0.

(iv) Similarly, for any given v,<v*,v> vanishes for all v* e ¥~ if and only if v =0.

The first two properties define () to be a bilinear operation on ¥” x ¥, and the last two
properties define <> to be a definite operation. These properties resemble the properties of an

inner product, so that we call the operation (} the scalar product. As we shall see, we can

define many concepts associated with the scalar product similar to corresponding concepts
associated with an inner product. The first example is the concept of the dual basis, which is the
counterpart of the concept of the reciprocal basis.

If {e,,...e} isabasis for 7", we define it dual basis to be a basis {el,...eN} for ¥“such
that

(e)e)=0 (31.2)
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forall i, j=1,...,N. The reader should compare this condition with the condition (14.1) that

defines the reciprocal basis. By exactly the same argument as before we can prove the following
theorem.

Theorem 31.1. The dual basis relative to a given basis exists and it unique.

Notice that we have dropped the asterisk notation for the covector e’ in a dual basis; the
superscript alone is enough to distinguish {el,...eN} from {el,...eN}. However, it should be

kept in mind that, unlike the reciprocal basis, the dual basis is a basis for ¥, not a basis for 7.
In particular, it makes no sense to require a basis be the same as its dual basis. This means the
component form of a vector v e ¥ relative to a basis {e,,...e},

v=Ve, (31.3)

must never be confused with the component form of a covector v* € 7™ relative to the dual
basis,

Vi =ve' (31.4)

In order to emphasize the difference of these two component forms, we call v' the contravariant
components of vand v, the covariant components of v*. A vector has contravariant

components only and a covector has covariant components only. The terminology for the
components is not inconsistent with the same terminology defined earlier for an inner product
space, since we have the following theorem.

Theorem 31.2. Given any inner product on ¥, there exists a unique isomorphism
G: v -7 (31.5)
which is induced by the inner product in such a way that

(Gv,w)=v-w, V,We¥ (31.6)
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Under this isomorphism the image of any orthonormal basis {i,,...,i} is the dual basis

{i*,....i"}, namely
Gi, =i, k=1...,N (31.7)

and, more generally, if {el,...eN} is an arbitrary basis, then the image of its reciprocal basis

{@1,..@’“}, is the dual basis {el,...eN}, namely

Ge* =¢¥, k=1...,N (31.8)

Proof. Since we now consider only real vector spaces and real inner product spaces, the right-
hand side of (31.6), clearly, is a linear function of w for each ve¥". Thus G is well defined by
the condition (31.6). We must show that G is an isomorphism. The fact that G is a linear
transformation is obvious, since the right-hand side of (31.6) is linear in v for each w e 7.

Also, G is one-to-one because, from (31.6), if Gu =Gy, then u-w =v-w for all w and thus

u=v. Now since we already know that dim¥ =dim¥™, any one-to-one linear transformation

from ¥ to ¥ is necessarily onto and hence an isomorphism. The proof of (31.8) is obvious,
since by the definition of the reciprocal basis we have

g-e =5, ij=1...,N
and by the definition of the dual basis we have
<e‘,ej>:5}, i,j=1...,N
Comparing these definitions with (31.6), we obtain
<G§‘:ej>:<ei,ej>, i,j=1...,N

which implies (31.8) because {e,,...e, } is a basis of ¥".
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Because of this theorem, if a particular inner product is assigned on ¥°, then we can

identify ¥ with ¥ by suppressing the notation for the isomorphisms G and G™. In other
words, we regard a vector v also as a linear function on 7":

(v,w)=v-w (31.9)

According to this rule the reciprocal basis is identified with the duel basis and the inner product
becomes the scalar product. However, since a vector space can be equipped with many inner

products, unless a particular inner product is chosen, we cannot identify ¥~ with ™ in general.
In this section, we shall not assign any particular inner product in #7,s0 ¥~ and ¥ are different
vector spaces.

We shall now derive some formulas which generalize the results of an inner product
space to a vector space in general. First, ifve ¥ and v' € ¥ are arbitrary, then their scalar
products <v*,v> can be computed in component form as follows: Choose a basis {e;} and its

dual basis {e‘} for ¥ and 7", respectively, so that we can express vandv" in component form
(31.3) and (31.4). Then from (31.1) and (31.2) we have

<v*,v> = <viei ,vjej> =V <ei,ej> =vV!§ = vV (31.10)
which generalizes the formula (14.16). Applying (31.10) to v* =¢', we obtain

<e‘,v> =% (31.11)

(V'e)=v, (31.12)

which generalizes the formula (14.15),
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Next recall that for inner product spaces 7" and # we define the adjoint A of a linear

transformation A:¥ — % to be a linear transformation A" : % — ¥ such that the following
condition [cf.(18.1)] is satisfied:

u-Av=Au-v, ue#%, Vvev
If we do not make use of any inner product, we simply replace this condition by
<u*,Av>:<A*u*,v>, ue, ve? (31.13)
then A" is a linear transformation from " to7™",
AU v

and is called the dual of A. By the same argument as before we can prove the following
theorem.

Theorem 31.3. For every linear transformation A:¥ — % there exists a unique dual
A" : 4" — v satisfying the condition (31.13).

If we choose a basis {e,,...e,} for ¥"and a basis {b,,...,b,,} for % and express the
linear transformation A by (18.2) and the linear transformation A” by (18.3), where {b“} and

{ek} are now regarded as the dual bases of {b_} and {e,}, respectively, then (18.4) remains
valid in the more general context, except hat we now have

AL =A% (31.14)

since we no longer consider complex spaces. Of course, the formulas (18.5) and (18.6) are now
replace by

(b, Ae, )= A", (31.15)
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and

(AD" e )= A" (31.16)

respectively.

For an inner product space the orthogonal complement of a subspace # of ¥ is a

subspace % given by [cf.(13.2)]

u* :{v|u-v:0 forall u e%}

By the same token, if 7~ is a vector space in general, then we define the orthogonal complement
of % to be the subspace %" of ¥ given by

a* ={v* (v',u)=0 forallu e@} (31.17)

In general if ve¥ and v* e 7™ are arbitrary, then vandv" are said to be orthogonal to each
other if <v*,v> =0. We can prove the following theorem by the same argument used previously

for inner product spaces.

Theorem 31.4. If % is a subspace of 7, then

dim# +dim* = dimv’ (31.18)

However, ¥ is no longer the direct sum of #and%™"since %" is a subspace of ¥, not a

subspace of 7.

Using the same line of reasoning, we can generalize Theorem 18.3 to the following.

Theorem 31.5. If A:¥ — # is a linear transformation, then
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K(A")=R(A)" (31.19)

and
K(A)=R(A") (31.20)

Similarly, we can generalize Theorem 18.4 to the following.

Theorem 31.6. Any linear transformation A and its dual A*have the same rank.

Finally, formulas for transferring from one basis to another basis can be generalized from
inner product spaces to vector spaces in general. If {e,,...e, } and {€,,...&} are bases for 7,

then as before we can express one basis in component form relative to another, as shown by
(14.17) and (14.18). Now suppose that {e",...e" } and {&",...&"} are the dual bases of {e,,...e,}

and{é,,...& } , respectively. Then it can be verified easily that

A
A

g =Tk, e"=TJ" (31.21)
where T.%and T are defined by (14.17) and (14.18), i.e.,
e =TJ% e =TJe, (31.22)

From these relations if ve ¥ and v € ¥~ have the component forms (31.3) and (31.4) relative
to {e;} and {e‘} and the component forms

e, (31.23)
and

v =08 (31.24)
relative to {¢} and {&'}, respectively, then we have the following transformation laws:

0, =T, 0, (31.25)

q
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0 =T (31.26)
O =T 0 (31.27)

and
v, =T, (31.28)

which generalize the formulas (14.24)-(14.27), respectively.

Exercises
311 If A:¥ —> % and B: % — # are linear transformations, show that
(BA) =A'B’
312 If A:¥v > %and B: ¥ — % are linear transformations, show that
(aA+pB) =aA" + BB’
and that

A"=0=A=0

These two conditions mean that the operation of taking the dual is an isomorphism
L (Vu)> LUy

31.3 A:7 — % isanisomorphism, show that A" : %" — 7" is also an isomorphism;
moreover,

31.4 If ¥ has the decomposition ¥ =% @ %, andif P:7 — ¥  is the projection of ¥ on
9 along %, show that ¥ has the decomposition ¥ =% ® %" and that P": ¥~ — ¥"is
the projection of ¥“on %" along %".

315 If ¢ and4, are subspaces of ¥/, show that

(%+%) =24 "Na"  and (%N%) ' =%" +%"
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31.6  Show that the linear transformation G : ¥ — 7 "defined in Theorem 31.2 obeys the
condition

(Gv,w)=(Gw,V)

31.7  Show that an inner product on ¥ is induced by an inner product on ¥ by the formula
vView =GV -GTw (31.29)

where G is the isomorphism defined in Theorem 31.2.
31.8 If {e}is a basis for ¥ and {ei} is its dual basis in 7", show that {Ge, } is the reciprocal

basis of {e'| with respect to the inner product on ¥ defined by (31.29) in the preceding
exercise.
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Section 32. The Second Dual space, canonical Isomorphisms

In the preceding section we defined the dual space ¥ of any vector space ¥ to be the
space of linear functions & (7';#) from ¥ to #. By the same procedure we can define the dual

space (7 ) of ¥ by
(v) =2(rvia)=2(2(v:2):2) (32.1)

For simplicity let us denote this space by ¥, called the second dual space of ¥". Of course, the
dimension of ¥ is the same as that of ¥*, namely

dimy =dimy™ =dimy™ (32.2)

Using the system of notation introduced in the preceding section, we write a typical element of
¥ by v*. Then v™is a linear function on ™

(VA GaeNy//]

Further, for each v’ € ¥~ we denote the value of ¥ at v*by <vv> The <,>operation is now

a mapping from 7™ x 7" to % and possesses the same four properties given in the preceding
section.

Unlike the dual space 7, the second dual space 7™ can always be identified as
¥ without using any inner product. The isomorphism

v >y (32.3)

is defined by the condition

<Jv,v*>:<v*,v>, ve?, V ey (32.4)

Clearly, Jis well defined by (32.4) since for each v € ¥ the right-hand side of (32.4) is a linear
function of v*. To see that Jis an isomorphism, we notice first that Jis a linear transformation,

because for each v* € ¥ the right-hand side is linear in v. Now J also one-to-one, since if
Jv =Ju, then (32.4) implies that

<v*,v>:<v*,u>, Viey”: (32.5)
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which then implies u=v. From (32.2), we conclude that the one-to-one linear transformation J
is onto, and thus J is an isomorphism. We summarize this result in the following theorem.

Theorem 32.1. There exists a unique isomorphism J from ¥ toy ™ satisfying the condition
(32.4).

Since the isomorphism J is defined without using any structure in addition to the vector
space structure on ¥, its notation can often be suppressed without any ambiguity. We shall

adopt such a convention here and identify any v € ¥"as a linear function on 7~
ViV >R
by the condition that defines J, namely

(vov)=(v'v), forallv'ey” (32.6)

In doing so, we allow the same symbol v to represent two different objects: an element of the
vector space ¥ and a linear function on the vector space ¥, and the two objects are related to
each other through the condition (32.6).

To distinguish an isomorphism such as J, whose notation may be suppressed without
causing any ambiguity, from an isomorphism such as G, defined by (31.6), whose notation may

not be suppressed, because there are many isomorphisms of similar nature, we call the former
isomorphism a canonical or natural isomorphism. Whether or not an isomorphism is canonical
is usually determined by a convention, not by any axioms. A general rule for choosing a
canonical isomorphism is that the isomorphism must be defined without using any additional
structure other than the basic structure already assigned to the underlying spaces; further, by
suppressing the notation of the canonical isomorphism no ambiguity is likely to arise. Hence the
choice of a canonical isomorphism depends on the basic structure of the vector spaces. If we
deal with inner product spaces equipped with particular inner products, the isomorphism G can
safely be regarded as canonical, and by choosing G to be canonical, we can achieve much
economy in writing. On the other hand, if we consider vector spaces without any pre-assigned
inner product, then we cannot make all possible isomorphisms G canonical, otherwise the
notation becomes ambiguous.

It should be noticed that not every isomorphism whose definition depends only on the

basis structure of the underlying space can be made canonical. For example, the operation of
taking the dual:

*:3("/;%)—)3(%*;%")
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is defined by using the vector space structure of 7" and % only. However, by suppressing the
notation *, we encounter immediately much ambiguity, especially when % is equal to ¥".
Surely, we do not wish to make every endomorphism A:¥ — ¥ self-adjoint! Another example

will illustrate the point even clearer. The operation of taking the opposite vector of any vector is
an isomorphism
Y >Y

which is defined by using the vector space structure alone. Evidently, we cannot suppress the
minus sign without any ambiguity.

To test whether the isomorphism J can be made a canonical one without any ambiguity,
we consider the effect of this choice on the notations for the dual basis and the dual of a linear

transformation. Of course we wish to have {e, }, when considered as a basis for ¥, to be the
dual basis of {ei} ,and A, when considered as a linear transformation from ¥ to #™, to be the

dual of A". These results are indeed correct and they are contained in the following.

Theorem 32.2. Given any basis {e, } for ', then the dual basis of its dual basis {e'} is {Je,}.

Proof. This result is more or less obvious. By definition, the basis {e;} and its dual basis {ei} are
related by

<e‘,ej> =5,
for i, j=1,...,N. From (32.4) we have
<Jej,e‘>=<e‘,ej>
Comparing the preceding two equations, we see that
<Jej ,e‘> =5
which means that {Je,,...,Je, } is the dual basis of {e',...e"}.

Because of this theorem, after suppressing the notation for J we say that {ei}and{ej} are

dual relative to each other. The next theorem shows that the relation holds between Aand A”.
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Theorem 32.3. Given any linear transformation A:7 — %, the dual of its dual A" is J,AJ;,.
Here J, denotes the isomorphism from 7 to ¥ defined by (32.4) and J,, denotes the
isomorphism from % to%™ defined by a similar condition.

Proof. By definition Aand Aare related by (31.13)
<u*,Av> = <A*u*,v>
forall u" e #*,vey. From (32.4) we have
<u*, Av> = <J%AV, u*>, <A*u*,v> = <JVV,A*U*>
Comparing the preceding three equations, we see that

(3,A35(3,v).u7) = (3,v,AU7)

Since J,, is an isomorphism, we can rewrite the last equation as
<J%Aij**,u*> = <v**,A*u*>

Because v e ¥ and u® e %" are arbitrary, it follows that J,AJ; is the dual of A". So if we
suppress the notations for J, andJ,,,then Aand A" are the duals relative to each other.

A similar result exists for the operation of taking the orthogonal complement of a
subspace; we have the following result.

Theorem 32.4. Given any subspace % of ¥, the orthogonal complement of its orthogonal
complement %" is J(%).

We leave the proof of this theorem as an exercise. Because of this theorem we say that
% and %* are orthogonal to each other. As we shall see in the next few sections, the use of
canonical isomorphisms, like the summation convention, is an important device to achieve
economy in writing. We shall make use of this device whenever possible, so the reader should
be prepared to allow one symbol to represent two or more different objects.

The last three theorems show clearly the advantage of making Ja canonical
isomorphism, so from now on we shall suppress the symbol forJ. In general, if an isomorphism
from a vector space 7 to a vector space % is chosen to be canonical, then we write
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V= (32.7)

In particular, we have

=y (32.8)

Exercises

32.1 Prove theorem 32.4.
32.2  Show that by making Ja canonical isomorphism essentially we have identified ¥~ with

vy, and ¥ with v 7 L. . Soasymbol vorv,in fact, represents
infinitely many objects.
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Section 33. Multilinear Functions, Tensors

In Section 31 we discussed the concept of a linear function and the concept of a bilinear
function. These concepts can be generalized in an obvious way to multilinear functions. In
general if 7,...,%,1s a collection of vector spaces, then a s-linear function is a function

A x XV >R (33.1)

that is linear in each of its variables while the other variables are held constant. If the vector
spaces ¥;,...,¥;,are the vector space ¥ or its dual space ¥, then Ais called a tensor on 7.
More specifically, a tensor of order (p, q) on ¥, where pand qare positive integers, is a (p+q)-
linear function

YV EX XY EXY XY SR (33.2)

p times q times

We shall extend this definition to the case p=q =0 and define a tensor of order (0,0) to be a
scalar in £. A tensor of order ( p,0)is a pure contravariant tensor of order p and a tensor of

order (0,q)is a pure covariant tensor of order g. In particular, a vector v e ¥ is a pure

contravariant tensor of order one. This terminology, of course, is defined relative to a given
vector space 7 as we have explained in Section 31. If a tensor is not a pure contravariant tensor

or a pure covariant tensor, then it is a mixed tensor, and for a mixed tensor of order (p,q), pis
the contravariant order and q is the covariant order.

For definiteness, we denote the set of all tensors of order ( p, q) on 7 by the symbol
T.° ("// ) . However, the set of pure contravariant tensors of order p shall be denoted simply by
7 *(¥")and the set of pure covariant tensors of order g shall be denoted simply 7 (¥"). Of
course, tensors of order (0,0) form the set #and

T()=v, F(¥)=7" (33.3)
Here we have made use of the identification of ¥ with ¥ as explained in Section 32.

We shall now give some examples of tensors.

Example 1. If Aisan endomorphism of ¥/, then we define a function AV <Y >R by
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A(v*,v) = <v*,Av> (33.4)

forall v:e¥“and ve¥. Clearly Ais bilinear and thus A e T (7). Aswe shall see later, it is
possible to establish a canonical isomorphism from g(% 7')to 711(%) in such a way that the

endomorphism A is identified with the bilinear function A. Then the same symbol A shall
represent two objects, namely, an endomorphism of ¥ and a bilinear function of ¥”“x¥". Then
(33.4) becomes simply

A(v',v)=(v',Av) (33.5)

Under this canonical isomorphism, the identity automorphism of ¥ is identified with the scalar
product,

I(v*,v):<v*,lv>:<v*,v> (33.6)

Example 2. If visa vectorin ¥ andv"is a covector in 7™, then we define a function
VROV ¥ " x¥ >R (33.7)
by
v®v*(u*,u)s<u*,v><v*,u> (33.8)
forall u"e¥",uev. Clearly, v®Vv'is a bilinear function, so v®v" e 7' (7). If we make

use of the canonical isomorphism to be established between 7' (7 )and (7" 7'), the tensor
v® Vv’ corresponds to an endomorphism of ¥ such that

v®v*(u*,u) = <u*,v®v*u>
or equivalently
<u*,v><v*,u> = <u*,v® v*u>

forall u” € 7",ue 7. By the bilinearity of the scalar product, the last equation can be rewritten
in the form
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<u*,<v*,u>v> = <u*,v®v*u>
Then by the definiteness of the scalar product, we have

<v*,u>v=v®v*u, forallue v (33.9)

which defines v ® v*as an endomorphism of ¥". The tensor or the endomorphism v® v'is
called the tensor product of vandv".

Clearly, the tensor product can be defined for arbitrary number of vectors and covectors.
Let v,,...,v be vectorsin " and Vv',...,v" be covectorsin 7. Then we define a function

V@ ®V @V @@V *x- - XV XY XXV >R

p times q times

Vl®...®vp®v1®---®vq(ul,...,up,ul,...,uq)

= (U v )+ (uP, v ) (VEu, ) (Ve uy )

forall uy,...,u, € and u',...,u? e #*. Clearly this function is (p+q)—|inear, so that

(33.10)

V,®--®v ®V®---®Vvied(7),is called the tensor product of v,,...,v andV',...,v".

Having seen some examples of tensors on ¥, we turn now to the structure of the set

T,? (7). We claim that 7,” (7") has the structure of a vector space and the dimension of
I.° (') is equal to N("*9 'where N is the dimension of . To make 7, (¥") a vector space,

q
we define the operation of addition of any A,B € 7" (“//) and the scalar multiplication of A by
a R by

(33.12)

and

(aA)(Vl,...,Vp,Vl,...Vq)EaA(Vl,...,Vp,Vl,...Vq) (33.12)
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respectively, for all v*,...,vP e¥™ and Vy,...,V, €77, We leave as an exercise to the reader the
proof of the following theorem.

Theorem 33.1. 7.° ("// ) IS a vector space with respect to the operations of addition and scalar

multiplication defined by (33.11) and (33.12). The null element of 7" (V) ,of course, is the
zero tensor O:

O(V',. VP, vy, v, ) =0 (33.13)

%
forall v',...,vP 7" and v,,...,v €7 .

Next, we determine the dimension of the vector space ., (7") by introducing the
concept of a product basis.

Theorem 33.2. Let {ei}and{e‘} be dual bases for ¥"and 7. Then the set of tensor products

{eil®---®eip®ejl®---®e'q,il,...,ip,jl,...,j :l,...,N} (33.14)

q

forms a basis for 7."(7"), called the product basis. In particular,
dimZ;" (7)) = NP (33.15)

Proof. We shall prove that the set of tensor products (33.14) is a linearly independent generating
set for 7.7 (7). To prove that the set (33.14) is linearly independent, let

Ail """ ip_ jqei1®“.®eip ®ej1 ®...®eiq =0 (3316)

where the right-hand side is the zero tensor given by (33.13). Then from (33.10) we have

0= A" (e ®--Q ®ejq®---®ejq(eki,...,ek",eI veeer € )
g 1 p 1 q

h

:Ail"'ipj j <ek1’ei >...<ekp,ei ><ejl’e| >...<ejq’e| > (3317)
---Jq W p 1 q

AT sML s gl o pe
jl...jq ] 'p I1 Iq Il“"q
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which shows that the set (33.14) is linearly independent. Next, we show that every tensor
Aedl (V) can be expressed as a linear combination of the set (33.14). We define
N ("% scalars {Ail"'ip o

ooy JieJg =1 N by
€€ | (33.18)

Now we reverse the steps of equation (33.17) and obtain

Ail...ipJ e ®--®e ®ek ®..-Qel (e"l, “’ekp,el vee € )
1---0g b p ! d

:A(ekl,...,e"",e,l,...e,q) 3519

forall k;,....k,, L,...,I, =1,...,N . Since Ais multilinear and since {e;} and {e‘}are dual bases
for ¥’ and ¥, the condition (33.19) implies that

AT e, ®--®e, ®eh @@ (V.. VPV, v, )

=A(v,...v vy, vq)

forall v,,...,v,e7 and V',...,v? € 7" and thus

A=A" e ®--®¢ ®e'®--@e (33.20)

Now from Theorem 9.10 we conclude that the set (33.14) is a basis for 7 ° (V)

Having determined the dimension of 7,”(¥"), we can now prove that 7' (¥")i

isomorphic to ,?(V;"//), a result mentioned in Example 1. As before we define the operation
L (V) TP

by the condition (33.4). Since from (16.8) and (33.15), the vector space ¢ (¥;%") and ;" (¥)

are of the same dimension, namely N?, it suffices to show that the operation i

is one-to-one.
Indeed, let A=0. Then from (33.13) and (33.4) we have

<v*,Av>:0
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forall vie7"andall ve?. Now since the scalar product is definite, this condition implies

Av=0

forall ve 7 ,and thus A=0. Consequently the operation " isan isomorphism.

As remarked in Example 1, we shall suppress the notation ’ by regarding the
isomorphism it represents as a canonical one. Therefore, we can replace the formula (33.4) by
the formula (33.5).

Now returning to the space 7" (#7)in general, we see that a corollary of Theorem 33.2 is

the simple fact that the set of all tensor products of the form (33.10) is a generating set for
TP (V) . We define a tensor that can be represented as a tensor product to be a simple tensor. It

should be noted, however, that such a representation for a simple tensor is not unique. Indeed,
from (33.8), we have

forany ve ¥ and v’ € ¥ since

(2v)®(%v*](u*,u)

<u*,2v><%v*,u>

<u*,v><v*,u>= ve v (u',u)

for all u*andu. In general, the tensor product, as defined by (33.10), can be regarded as a
mapping

QY X xY XY X xV" > TP (V) (33.21)
p times q times
given by
®:(vl,---,vp,vl,---,vq)=vl®---®vp®v1><---®vq (33.22)

forall v,,...,v €7 and vi,...,vie . Itis easy to verify that the mapping ® is multilinear in
the usual sense, i.e.,
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®(Vy, @V + Bu,.. V) =a ® (Vg V.., V)

(33.23)
+B OV, U, V)

where av+ fSu, v and u all take the same position in the argument of ® but that position is
arbitrary. From (33.23), we see that

(av,)®V,®--®V, OV ®---®V’
=V, ®(av,)® Qv OV ® @V

We can extend the operation of tensor product from vectors and covectors to tensors in general.
If AcZ.”(7") and Be 7" (7"), then we define their tensor product A®B to be a tensor of

order (p+r,q+s)by

A®B(V1,...,vp”,vl, Vv )

s Vits

(33.24)

_ 1 p p+l p+r
= AV VPV BV VPV V)

forall v*,...,vP" €% and Vi,..s Vo €7 . Applying this definition to arbitrary tensors
AandB yields a mapping

®: T (V)X T (V) > T2 (¥) (33.25)

q g+s

Clearly this operation can be further extended to more than two tensor spaces, say

®: T (F ) x T () > TE () (33.26)
in such a way that
Q(A,... A )=A R -®A, (33.27)

where A ﬂgl"i ("//) i=1...,k. Itiseasy to verify that this tensor product operation is also
multilinear in the sense generalizing (33.23) to tensors. In component form

(A@ B)Il...lpﬂ _ Ail,..ip quipﬂ...ip+r

j1~-~jq+s -

(33.28)

Jq+1“'lq+s



Sec. 33 . Multilinear Functions, Tensors 225

which can be generalized obviously for (33.27) also. From (33.28), or from (33.24), we see that
the tensor product is not commutative, but it is associative and distributive.

Relative to a product basis the component form of a tensor A € 7.° (V) is given by

(33.20) where the components of A can be obtained by (33.18). If we transfer the basis
{e;} to{&;} as shown by (31.21) and (31.22), then the components of A as well as the product

basis relative to {ei} must be transformed also. The following theorem gives the transformation
laws.

Theorem 33.3. Under the transformation of bases (31.21) and (31.22) the product basis (33.14)
for 7.° () transforms according to the rule

§,® - ®8 ®E®. @8

(33.29)
=T R TOTh The, ®--@e, @' ®- ®c"
and the components of any tensor A e ﬂgp ("//) transform according to the rule.
Al =T TR TR A, (33.30)

The proof of these rules involves no more than the multilinearity of the tensor product ®
and the tensor A. Many classical treatises on tensors use the transformation rule such as (33.30)
to define a tensor. The next theorem connects this alternate definition with the one we used.

Theorem 33.4. Given any two sets of N(**% scalars {Ail“'i" }and { AT }related by the
transformation rule (33.30), there exists a tensor A € .7, p( ¥") whose components relative to the

product bases of {e;}to{é, } are {A'1 g }and { A P } provided that the bases are related by
(31.21) and (31.22).

This theorem is obvious, since we can define the tensor A by (33.20); then the
transformation rule (33.30) shows that the components of A relative to the product basis of

{e,} are {Ail”'i"h__.jq} . Thus atensor A corresponds to an equivalence set of components, with
the transformation rule serving as the equivalence relation.

As an illustration of the preceding theorem, let us examine whether or not there exists a
tensor whose components relative to the product basis of any basis are the values of the
generalized Kronecker delta introduced in Section 20. The answer turns out to be yes, since we
have the identify
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St = fk'll .. .fkirrTj'll .. .TJ_'rr 5Ifllrkr (33.31)

S e

which follows from the fact that [Tﬂ and [‘Iﬂ are the inverse of each other. We leave the

proof of this identity as an exercise for the reader. From Theorem 33.4 and the identity (33.31),
we see that there exist a tensor K, of order (r, r) such that

K= %%i:ijﬂeh ®--®¢, @e" @ @er (33.32)

r

relative to any basis {ei}. This tensor plays an important role in the next chapter.

By the same line of reasoning, we may ask whether or not there exists a tensor whose
components relative to the product basis of any basis are the values of the &£ —symbols also

introduced in Section 20. The answer turns out to be no, since we have the identities

6y, =det[T]T T,

b N

(33.33)

and

v = det I:le il-ll-\ji: .. '-l'-\ji: g h-dn (3334)

J ]

Since these identities do not agree with the transformation rule (33.30), we can conclude that
there exists no tensor whose components relative to the product basis of any basis are always the
values of the £ —symbols . In other words, if the values of the ¢ —symbols are the components of

a tensor relative to the product basis of one particular basis {ei}, then the components of the
same tensor relative to the product basis of another basis generally are not the values of the
& —symbols, unless the transformation matrices [Tji] and [‘Iﬂ have unit determinant.

which also follows from the fact that [T.‘] and ['I:.i} are the inverses of each other [cf. (21.8)].

In the classical treatises on tensors, the transformation rules (33.33) and (33.34), or more
generally

Ay medet[ T) T T T TRAR (33:39)

JlJ q

are used to define relative tensors. The exponent wand the coefficient € on the right-hand side
of (33.35) are called the weight and the parity of the relative tensor, respectively. A relative
tensor is called polar if its parity has the value +1 in all transformations, while a relative tensor is



Sec. 33 . Multilinear Functions, Tensors 227

called axial if € is equal to the sign of the determinant of the transformation matrix [Tj‘]. In

particular, (33.33) shows that {gi|...iN }are the components of an axial covariant tensor of order N

and weight -1, while (33.34) shows that {g“""“ } are the components of an axial contravariant

tensor of order N and weight +1. We shall see some more examples of relative tensors in the
next chapter.

Exercises

33.1 Prove Theorem 33.1.
33.2  Prove equation (33.31).

33.3  Under the canonical isomorphism of ¢ (7";¥ )with ' (7"),show that an endomorphism

A:¥ > v anditsdual A":¥ — ¥ correspond to the same tensor.

33.4  Define an isomorphism from &(&(¥%); 4(¥;¥ ))to Z,%(¥) independent of any
basis.

335 If AeZ,(7),show that the determinant of the component matrix [A“ } of Adefinesa

polar scalar of weight two, i.e., the determinant obeys the transformation rule
~ 2
det[AJ:(det[le}) det| A; |

33.6  Define isomorphisms from #(7%") to 7,(¥), £(¥";¥ )to 7(¥), and from
£(v"7") to (7)) independent of any basis.

33.7 Given arelation of the form

Al...ipklmB(kala m) =C. .

iy dp

where {Al...ipklm} and {Chmip} are components of tensors with respect to any basis, show

that the set {B(k,l,m)} , likewise, can be regarded as components of a tensor, belonging

to 73(V) in this case. This result is known as the quotient theorem in classical treatises

on tensors.
338 If Aeg (7)), defineatensor T Aed, (7) by

p+q p

T A(Up U Vi,V ) 2 A(Vy, VU, Uy (33.36)

pq e Mg Vi r Vpr ¥y
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forall u,...,u,,v,,...,v, €¥. Show that the operation

T TV T (¥) (33.37)

pq p+q p+q

is an automorphism of 7, . ("// ) We call T, the generalized transpose operation. What is the
relation between the components of A and T A?
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Section 34. Contractions

In this section we shall consider the operation of contracting a tensor of order (p,q)to
obtain a tensor of order ( p-14 —1), where p,qare greater than or equal to one. To define this
important operation, we prove first a useful property of the tensor space .7 " (7). Inthe
preceding section we defined a tensor of order ( p,q)to be a multilinear function

A:’V*X"'X’V*X’VX...X'V_)‘%

p times q times

Clearly, this concept can be generalized to a multilinear transformation from the ( p,q)-fold

Cartesian product of ¥ and ¥ to an arbitrary vector space %, namely

L.V X XY XY T x YV * Y (34.1)

p times q times

The condition that Z be a multilinear transformation is similar to that for a multilinear function,
namely, Z is linear in each one of its variables while its other variables are held constant, e.g.,
the tensor product ® given by (33.21) is a multilinear transformation. The next theorem shows
that, in some sense, any multilinear transformation Z of the form (34.1) can be factored through
the tensor product ® given by (33.21). This fact is known as the universal factorization property
of the tensor product.

Theorem 34.1. If Zis an arbitrary multilinear transformation of the form (34.1), then there
exists a unique linear transformation

C: 7 (¥)> (34.2)

such that

Z(Vyeo VoV V) =C(v, @@V, OV ®---® V1) (34.3)

forall v,...,v, e7andV',...,vie?"

Proof. Since the simple tensors form a generating set of 7" (7") , if the linear transformation C

satisfying (34.3) exists, then it must be unique. To prove the existence of C, we choose a basis
{e,} for 7 and define the product basis (33.14) for Z."(7") as before. Then we define
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C(eil®---®eip®ejl®---®ej“)zz(e ,...,eip,ejl,...,ejq) (34.4)

iy

forall i,,...,i,, j,..., j;=1...,N and extend Cto all tensors in 7,”(#") by linearity. Now itis

clear that the linear transformation C defined in this way satisfies the condition (34.3), since both
C and Zare multilinear in the vectors v,...,v and the covectors v',...,v% and they agree on

the dual bases {e,} and {e'} for ¥ and ¥, as shown in (34.4). Hence they agree on all

(Vireo Vo Vi V).

If we use the symbol ® to denote the multilinear transformation (33.21), then the
condition (34.3) can be rewritten as

Z=Co® (34.5)

where the operation o on the right-hand side of (34.5) denotes the composition as defined in
Section 3. Equation (34.5) expresses the meaning of the universal factorization property. In the
modern treatises on tensors, this property is often used to define the tensor product and the tensor
spaces. Our approach to the concept of a tensor is a compromise between this abstract modern
concept and the classical concept based on transformation rules; the preceding theorem and
Theorems 33.3 and 33.4 connect our concept with the other two.

Having proved the universal factorization property of the tensor product, we can now
define the operation of contraction. Recall thatif ve¥ and v' € ¥, then the scalar product

<v,v*> is a scalar. Here we have used the canonical isomorphism given by (32.6). Of course, the
operation

() V=V >4
is a bilinear function. By Theorem 34.1 < : >can be factored through the tensor product
®: ¥V xV > I (V)

i.e., there exists a linear map

C: L (7V)>2 (34.6)

such that
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or, equivalently,
<v,v*>=C(v®v*) (34.7)

forall ve¥ and v*e¥™. This linear function Cis the simplest kind of contraction operation.
It transforms the tensor space ;" (7")to the tensor space 7, (7 )=%"(7)=%.

In general if A" (¥)is an arbitrary simple tensor, say

A=v,®-®V OV ®: - ®V (34.8)

then for each pair of integers (i, j), where 1<i < p,1< j <q, we seek a unique linear
transformation

Ci: 7P (V)> I (7) (34.9)
such that

CA=(V/ V)V, ® @V, ,®V,,® -0V, OV ® -0V ' ®v'e.-@v! (34.10)

for all simple tensors A. A more compact notation for the tensor product on the right-hand side
IS

V,® @V, @V, ® @V @ @V (34.11)

Since the representation of a simple tensor by a tensor product is not unique, the existence of
such a linear transformation C‘j is by no means obvious. However, we can prove that C‘j does

exist and is uniquely determined by the condition (34.10). Indeed, using the universal
factorization property, we can prove the following theorem.

Theorem 34.2. A unique contraction operation Cij satisfying the condition (34.10) exists.
Proof. We define a multilinear transformation of the form (34.1) with % = 7,7 (¥") by

1
Z(Vyyeor Vo VLV )

_ _ (34.12)
=(VLV)V, @@V, @V @V OV
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forall v,,...,v €7 and v',...v? e ¥™. Then by Theorem 34.1 there exists a unique linear
transformation Cij of the form (34.9) such that (34.10) holds, and thus the proof is complete.

Next we express the contraction operation in component form.

Theorem 34.3. If AcJ.° (V) is an arbitrary tensor of order ( p,q), then in component form

relative to any dual bases {e,} and {e'} we have

P VK ki 1o Ktk K
(CjA) ) = pkekitia (34.13)

oo digthyg.
b djdg A A A

Proof. Since the contraction operation is linear applying it to the component form (33.20), we
get

CiJA - Aklmkph..]q <eIJ leki>ek1 ®--8 "'®ekp ®e @8- @e" (34.14)

which means nothing but the formula (34.13) because we have <e'j 8y > = §k" :

In particular, for the special case C given by (34.6) we have

C(A)=A (34.15)

forall Ae 7' (7). If we now make use of the canonical isomorphism
T ()= 2(r7)

we see that C coincides with the trace operation defined by (19.8).

Using the contraction operation, we can define a scalar product for tensors. If
Ac g (¥)and Be g, (¥), the tensor product A®B is a tensor in .7.%:% (%) and is defined

p+q
by (33.24). We apply the contraction

C:Cio---oCioCl 0.0 Ct

g+1 ' q+1

(34.16)

q times p times

to A®B, then the result is a scalar (A, B), namely
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(A,B)=C(A®B) (34.17)

called the scalar product of AandB. It is a simple matter to see that < : > is a bilinear and

definite function in the sense similar to those properties of the scalar product of
vand v’ explained in Section 31. We can use the bilinear function

() TPV )T N(V)> 4 (34.18)

q

to identify the space 7,° (%) with the dual space 7,°(#") of the space .7,%(¥") or equivalently,
we can define the dual space 7" (“// ) abstractly as usual and then introduce a canonical
isomorphism from 7, (¥")to ,%(¥")" through (34.17). Thus we write

T () =T(V) (34.19)

qa

Of course we shall also identify the second dual space 7 (%) with 7° ("//) as explained in
general in Section 32. Hence, we have

TP =70(7v)" (34.20)

q

which follows also by interchanging pandqin (34.19). From (34.13) and (34.16), the scalar
product <A, B> Is given by the component form

(AB)=A", B

j L

(34.21)

p

relative to any dual bases {e,} and {e'| for ¥ and 7".

Exercises

34.1 Show that
<A,V1®---®Vq ®V1®---®Vp>:A(Vl,---,Vp,Vl,---,Vq)

forall Ae 7,”(¥), v,,---,v €7 and V', V" ey,

34.2  Give another proof of the quotient theorem in Exercise 33.7 by showing that the
operation
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defined by

(JA)B=C! 0-:0Cl o C orr0Cl
_

s+l s+l

(A®B)

s times r times

forall Ac 7" (7") and Be J.°(7) is an isomorphism. Since there are many such

isomorphisms by choosing contractions of pairs of indices differently, we do not make
any one of them a canonical isomorphism in general unless stated explicitly.

Use the universal factorization property and prove the existence and the uniqueness of the
generalized transpose operation T defined by (33.36) in Exercise 33.8. Hint: Require

T, to be an automorphism of 7, (#")such that

T (V@ @V OU®-®U)=U'®- BU OV ®-- @V (34.22)

for all simple tensors V' ®--- @V’ @u'®---®uie s (7).

p+q

{eil ®--®¢ ®e* ®---®ejq} is the product basis for 7" (#") induced by the dual bases

{e;} and {ei}; construct its dual basis in 7% (¥") with respect to the scalar product
defined by (34.17).
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Section 35. Tensors on Inner Product Spaces
The main result of this section is that if ¥ is equipped with a particular inner product,
then we can identify the tensor spaces of the same total order by means of various canonical

isomorphisms, a special case of these being the isomorphism G from ¥ to7™, which we have
introduced in Section 31 [cf. (31.5)].

Recall that the isomorphism G: ¥ — 7" is defined by the condition [cf. (31.6)]

(Gu,v)=(Gv,u)=(u-v), uvey (35.1)

In general, if Aisasimple, pure, contravariant tensor of order p, say

A=v,®-®V,

then we define the pure covariant representation of A to be the tensor

GPA=GVv,®---®Gv, e, (¥) (35.2)

By linearity, G” can be extended to all of 7 °(7"). Equation (35.2) means that

GPA(Uy,...,U, ) =(GVy Uy )GV, Uy ) = (V; -1, )+(v, -u, ) (35.3)

forall u,...,u, € 7". Equation(35.3) generalizes the condition (35.1) from v to v, ®---®v .

Of course, because the tensor product is not one-to-one, we have to show that the covariant

tensor GPA does not depend on the representation of A. This fact follows directly from the
universal factorization of the tensor product. Indeed, if we define a p-linear map

Z: ”Vx---xV—)fp(V)

\—W—J
p times

by

Z(vl,...,vp)va1®---®va (35.4)

then Z can be factored through the tensor product ®, i.e., there exists a unique linear
transformation G” from 77" (7') to 7, (7),
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G P (7)>T,(7) (35.5)
such that
Z=G"o®
or, equivalently,
Z(Vy,..0V,) =G (v, ®--®V, ) =G°A (35.6)

Comparing (35.6) with (35.4) we see that G” obeys the condition (35.2), and thus GPA is well
defined by (35.3).

It is easy to verify that G is an isomorphism. Indeed (G")f1 is the unique linear
transformation from 7, (7") to 7°(7") such that

(6°) (V'@ ®v')=GV'® @GV’ (35.7)

forall v',...,vP € 7". Thus G" makes 7 °(7) and 7, (7") isomorphic, just as G makes ¥’
and ¥ isomorphic. Infact, G=G".

Clearly, we can extend the preceding argument to mixed tensor spaces on ¥ also. If Ais
a mixed simple tensor in 7, (¥"), say

A=v,®--®V QU ® QU (35.8)

then we define the pure covariant representation of A to be the tensor

G!A=Gv,®---QGv, ®u'---® U (35.9)

and G is an isomorphism from 7" (7") to 7, (7)

p+q

G T (V) > T, (¥) (35.10)

q a p+q

Indeed, its inverse is characterized by
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(G2) (V'@ @V U ®--®u') =G V'®-®G V' ®u'®--®u’  (35.11)

a

forall v',...,vP,u’,...,u® e ¥". Clearly, by suitable compositions of the operations G{ and

their inverses, we can define isomorphisms between tensor spaces of the same total order. For
example, if p,andq, are another pair of integers such that

P+ =p+q

then 7.° (7") is isomorphic to .. (#") by the isomorphism

a q

(G2) oG 7P (#) > T2 (7) (35.12)

In particular, if ¢, =0, p, = p+q , then for any A e 7, (¥) the tensor (G )AGEA eI (¥)

is called the pure contravariant representation of A. For example, if A is given by (35.8), then
its pure contravariant representation is given by

(Gp“])_ngA:Vl@--'@Vp G HU'®---®G U

We shall now express the isomorphism G in component form. If A< .7,?(7') has the
component representation

h

A=At 8 ® ®r; @€k ®---®e" (35.13)

then from (35.9) we obtain

GIA=A"" | Ge ® -®Ge ®e'® - ®e" (35.14)

1 q

This result can be written as

GPA=A"" & ® -®F ®e"® - -®e" (35.15)

1
where {g}is a basis in ¥ reciprocal to {e'} , i.e.,

g.el =0 (35.16)
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since it follows from (19.1), (12.6), and (35.1) that we have

€ =Ge, =¢;e’ (35.17)
where
e, =¢ ¢ (35.18)
Substituting (35.17) into (35.15), we obtain
GIA=A ,,; &' ® - ®c"®e"® . .®c" (35.19)

where

Kk
Al...ipjl...jq =€ Bk, A oo (35.20)

This equation illustrates the component form of the isomorphism G; . It has the effect of

lowering the first p superscripts on the components {Ail"'ip : } . Thus A e ﬂ;p ("//)and

- dg
G!A e, . (7)have the same components if the bases in (35.13) and (35.15) are used. On the

p+q

other hand, if the usual product basis for 7,?(¥") and 7, (7")are used, as in (35.13) and

p+q

(35.19), the components of A and G[A are related by (35.20).

Since G is an isomorphism, its inverse exists and is a linear transformation from
T...(7) and J.° (7). If Ac 7, (7)) has the component representation

p+q p+q
A=A, 6"® @' ®e® -®e" (35.21)
then from (35.11)

(Gp)ilA = Al...ip,-l_“,-qG’leil ® -G " ®e"®.--®e" (35.22)

q

By the same argument as before, this formula can be rewritten as

(G )_1A =A_; B ® @8 e @ @ (35.23)

q
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where {€'}is a basis of 7 reciprocal to {e;} , or equivalently as

(Gp)*lA — Ay

q

1,6, @B ®eh®...®e" (35.24)

i
where

Al j :eilkl...eipkpAﬁ“kpjl“qu (35.25)

hiq

Here of course | ¢" ]is the inverse matrix of | e, | and is given by
el =¢' e (35.26)
since

g =Ge' =ee, (35.27)

Equation (35.25) illustrates the component form of the isomorphism (Gg)_l. It has the effect of

raising the first p subscripts on the components {Al...ip i jq}.

Combining (35.20) and (35.25), we see that the component form of the isomorphism
(Gg’ll )71 oGy in (35.12) is given by raising the first p, — p subscripts of A e 7.° (V) if p>p,or
by lowering the last p— p, superscripts of A if p>p,. Thus if A has the component form

(35.13), then (Ggll)fng’A has the component form

(ng)-ngA _ pv LTS Qe ®...Qe™ (35.28)
where

A AT, 8 ps (35.29)
and
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For example, if A e.7,'(7") has the representation
A=A e ®e ®e"

then the covariant representation of A is

GA=A g ®e'®e = A e ®e'®e = A’ ®e’ ®e
the contravariant representation of A is

3\ T ~1n A —i o=k _ Al Al akm _ Adlm
(G°) GlA=A' e, ®F ®€" = A e'e'e, ®e ®e, = A'¢, ®¢, ®e,
and the representation of Ain 7 (¥")is
(G )71 GiA=A e 08 ®e = A e'e @ @6 = A'g, ®e ®e

etc. These formulas follow from (35.20), (35.24), and (35.29).

Of course, we can apply the operations of lowering and raising to indices at any position,
e.g., we can define a “component” A", % for Ae J;(¥")by

Ail- i3...ia_... =A

JEE PR Jdz e

ghlghls . glala ... (35.31)

However, for simplicity, we have not yet assigned any symbol to such representations whose
“components” have an irregular arrangement of superscripts and subscripts. In our notation for

the component representation of a tensor A e 7" (V ) the contravariant superscripts always
come first, so that the components of A are written as AL .., @ shown in (35.13), not as

A

i Jg
subscripts j, ... j, , such as the one defined by (35.31). In order to indicate precisely the position

of the contravariant indices and the covariant indices in the irregular component form, we may
use, for example, the notation

% or as any other rearrangement of positions of the superscripts i,...i,and the

YRV YV® - QY- Q@Y Q- (35.32)
“ @ @ (@) (b)

for the tensor space whose elements have components of the form on the left-hand side of
(35.31), where the order of ¥ and 7 "in (35.32) are the same as those of the contravariant and
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the covariant indices, respectively, in the component form. In particular, the simple notation
7, (#") now corresponds to

18@Y® Y ©® 1 (35.33)

(p) (p+1 p+q)

Since the irregular tensor spaces, such as the one in (35.32), are not convenient to use, we shall
avoid them as much as possible, and we shall not bother to generalize the notation G/ to

isomorphisms from the irregular tensor spaces to their corresponding pure covariant
representations.

So far, we have generalized the isomorphism G for vectors to the isomorphisms G¢ for

tensors of type ( P, q) in general. Equation (35.1) for G, however, contains more information

than just the fact that G is an isomorphism. If we read that equation reversely, we see that G can
be used to compute the inner product on¥". Indeed, we can rewrite that equation as

v-u=(Gv,u)= <le, u> (35.34)
This idea can be generalized easily to tensors. For example, if Aand B are tensors in I ' (V)
then we can define an inner product A-B by
A-B= <GfA, B> (35.35)

We leave the proof to the reader that (35.35) actually defines an inner product.7" (V ) By use
of (34.21) and (35.20), it is possible to write (35.35) in the component form

A-B=A, ;e"h-e"B (35.36)
or, equivalently, in the forms
At Bil...i,
A-B=qA"" "B (35.37)
A Bh etc.

e Tl ?

Equation (35.37) suggests definitions of inner products for other tensor spaces besides 7" (7).
If Aand BareinZ,"(7'), we define A-Bby
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A-B=(G™) GIA.(G™) GIB= <G§A,(G"+q)_1G§B> (35.38)

Again, we leave it as an exercise to the reader to establish that (35.38) does define an inner
product on 7, ° (V) ; moreover, the inner product can be written in component form by (35.37)

(35.37) also.

In section 32, we pointed out that if we agree to use a particular inner product, then the
isomorphism G can be regarded as canonical. The formulas of this section clearly indicate the
desirability of this procedure if for no other reason than notational simplicity. Thus, from this

point on, we shall identify the dual space ¥~ with?", i.e.,
Vv =y

by suppressing the symbol G . Then in view of (35.2) and (35.7), we shall suppress the symbol
G, also. Thus, we shall identify all tensor spaces of the same total order, i.e., we write

T (V)= (¥)=27(¥) (35.39)

By this procedure we can replace scalar products throughout our formulas by inner products
according to the formulas (31.9) and (35.38).

The identification (35.39) means that, as long as the total order of a tensor is given, it is
no longer necessary to specify separately the contravariant order and the covariant order. These
separate orders will arise only when we select a particular component representation of the
tensor. For example, if A is of total orderr, then we can express A by the following different
component forms:

A=Arte ®---®e;

_ Auicn e Qe ®ek
. Il -1 (3540)

=A, _e"® - -®e

where the placement of the indices indicates that the first form is the pure contravariant
representation, the last form is the pure covariant representation, while the intermediate forms
are various mixed tensor representations, all having the same total order r. Of course, the
various representations in (35.40) are related by the formulas (35.20), (35.25), (35.29), and
(35.30). In fact, if (35.31) is used, we can even represent A by an irregular component form
such as

A=A e @ek®e ®-®e ®--Reh®-- (35.41)

e
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provided that the total order is unchanged.

The contraction operator defined in Section 34 can now be rewritten in a form more
convenient for tensors defined on an inner product space. If Ais a simple tensor of (total)
orderr,r > 2, with the representation

A=v,®---®v,
then C;A, where 1<i< j<r, isasimple tensor of (total) order r —2 defined by (34.10),

CijAE(Vi .Vj)vl®...\7i...\7_...®v

J r

(35.42)

By linearity, C; can be extended to all tensors of orderr. If Ae 7. (7)) has the representation

A= A(ln_krekl ®---®ek

then by (35.42) and (35.26)

CijA = A1<1...k,Cij (ekl ®_..®ekr)
_ ki A<1...k,ek1 ®---gh...g5...Qek (35.43)

) =k
=A, j k.mkek1®...eki...eJ...®ekf

It follows from the definition (35.42) that the complete contraction operator C [cf. (35.16)]

C:%,(¥)> %

can be written

C=C,0Cyo0C (35.44)

1(r+1)

Also, if Aand Bare inZ,(¥), itis easily establish that [cf. (34.17)]

A-B=C(A®B) (35.45)



244 Chap. 7 . TENSOR ALGEBRA

In closing this chapter, it is convenient for later use to record certain formulas here. The
identity automorphism | of ¥ corresponds to a tensor of order 2. Its pure covariant
representation is simply the inner product

I(uv)=u-v (35.46)

The tensor | can be represented in any of the following forms:

l=ee' ®e’ =ele,®e, =5, ®e’ =5e' ®e, (35.47)

There is but one contraction for |, namely

Cpol=trl=5'=N (35.48)

In view of (35.46), the identity tensor is also called the metric tensor of the inner product space.

Exercises

35.1  Show that (35.45) defines an inner product on J;(7)
35.2  Show that the formula (35.38) can be rewritten as

A-B=((G3) 'T,GAB) (35.49)

where T is the generalized transpose operator defined in Exercises 33.8 and 34.3. In

particular, if Aand B are second order tensors, then (35.49) reduces to the more familiar
formula:

A-B=tr(A'B) (35.50)

35.3 Show that the linear transformation

G 7P (7) > T,(7)

defined by (35.2) can also be characterized by

(G*A)(u,...,u,)=A(GU,,...,Gu,) (35.51)
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forall Ac7*(V)andall u,...,u e .
35.4 Show that if Ais a second-order tensor, then

A=C,(1®A)

What is the component form of this identity?






Chapter 8

EXTERIOR ALGEBRA

The purpose of this chapter is to formulate enough machinery to define the determinant of
an endomorphism in a component free fashion, to introduce the concept of an orientation for a
vector space, and to establish a certain isomorphism which generalizes the classical operation of
vector product to a N-dimensional vector space. For simplicity, we shall assume throughout this
chapter that the vector space, and thus its associated tensor spaces, are equipped with an inner
product. Further, for definiteness, we shall use only the pure covariant representation;
transformations into other representations shall be explained in Section 42.

Section 36  Skew-Symmetric Tensors and Symmetric Tensors

If AcJ,(¥') and o is a given permutation of {1,...,r}, then we can define a new tensor
T AeJ(¥) by the formula

TAWNV, V) =AN 059 Vo) (36.1)

forall v,,..,v, € . For example, the generalized transpose operation T defined by (33.36) in
Exercise 33.8 is a special case of T_ with o given by

_1qq+1q+p
_p+1p+q1p

Naturally, we call T_A the o -transpose of A for any o in general. We have obtained the
components of the transpose T, in Exercise 33.8. For an arbitrary permutation o the components
of T_A are related to those of A by

(T,A), i, = A (36.2)

(1) -+lo(r)
Using the same argument as that of Exercise 34.3, we can characterize T_ by the condition that

TV®--®Vv)=v" ¥®...9v" ® (36.3)

for all simple tensors V' ®---® V' € I(¥)

247
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If T A=A forall permutations o A is said to be (completely) symmetric. On the other
hand if T A=¢_ A for all permutations o, where &_ denotes the parity of o defined in Section

20, then A is said to be (completely) skew-symmetric. For example, the identity tensor 1 given by
(35.30) is a symmetric second-order tensor, while the tensor u® v—-v ® u, for any vectors

u,ve? ,is clearly a skew-symmetric second-order tensor. We shall denote by 7: (7") the set of
all skew-symmetric tensors in 7. (¥") . We leave it to the reader to establish the fact that 7: (¥) is
a subspace of 7;(¥"). Elements of .7: (¥") are often called r-vectors or r-forms.

Theorem 36.1. Anelement A e 9?(%) assumes the value 0 if any two of its variables coincide.
Proof: We wish to establish that

A(v,...,V,..,V,..,Vv,)=0 (36.4)
This result is a special case of the formula

AV, Vg Ve, V) = =A(V,, ., Ve Vg, V) =0 (36.5)

which follows by the fact that &, =—1 for the permutation which switches the pair of indices (s,t))
while leaving the remaining indices unchanged. If we take v =v_ =V, in (36.5), then (36.4)
follows.

Corollary. Anelement A e 7:(%) assumes the value zero if it is evaluated on a linearly
dependent set of vectors.

This corollary generalizes the result of the preceding theorem but is itself also a direct
consequence of that theorem, for if {vl,...,vr} is a linearly dependent set, then at least one of the

vectors can be expressed as is a linear combination of the remaining ones. From the r-linearity of
A, A(v,,...,Vv,) can then be written as the linear combination of quantities which are all equal to

zero because which are the values of A at arguments having at least two equal variables.

Corollary. If .r is greater than N , the dimension of ¥ , then ﬂf(V) :{O}.

This corollary follows from the last corollary and the fact that every set of more than N
vectors in a N- dimensional space is linearly dependent.

Exercises

36.1 Show that the set of symmetric tensors of order r forms a subspace of 7. (v").
36.2  Show that
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T =TT

(oxa [

for all permutations o and 7. Also, show that T_ is the identity automorphism of J_(¥") if
and only if o is the identity permutation.
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Section 37 The Skew-Symmetric Operator

In this section we shall construct a projection from J.(7") into Z.(¥"). This projection is
called the skew-symmetric operator. If A e .7 (7"), we define the skew-symmetric projection K A
of A by

1
KA= ﬁ;gchaA (37.1)
where the summation is taken over all permutations o of {1 r}. The endomorphism
K,:7,(#) > T(¥) (37.2)

defined in this way is called the skew-symmetric operator.

Before showing that K, has the desired properties, we give one example first. For simplicity, let
us choose r =2. Then there are only two permutations of {1, 2} , hamely

(1 2} (1 2}
o= , o= (37.3)
1 2 2 1

g, =1and ¢ =-1 (37.4)

and their parities are

Substituting (37.3) and (37.4) into (37.1), we get
(K,A)(v,,V,) = %(A(vl,vz) +A(V,,V,)) (37.5)

forall A€ 2, (¥) and v,,v, €7 . In particular, if A is skew-symmetric, namely
A(v,,v,) =-A(v,,V,) (37.6)
then (37.5) reduces to
(K,A)(v,,V,) =A(v,V,)

or, equivalently,
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K,A=A, Aed,(¥) (37.7)
Since from (37.5), K,A e fZ(V) forany A e J7,(¥")????, by (37.7) we then have
K,(K,A) =K,A
or, equivalently
K2 =K, (37.8)

which means that K, is a projection. Hence, for second order tensors, K, has the desired
properties. We shall now prove the same for tensors in general.

Theorem 37.1. Let K, : 7. (¥") —> Z.(¥") be defined by (37.1). Then the range of K, is f("/),
namely

RK,)=Z,(¥) (37.9)
Moreover, the restriction of K on 7:(7) is the identity automorphism of ﬂf(%), ie.,

K A=A, AecT (V) (37.10)

r

Proof. We prove the equation (37.10) first. If Ae ﬂf(%) , then by definition we have

TA=¢A (37.11)

for all permutations o . Substituting (37.11) into (37.1), we get

— 1 2p 1 1 —
KrA_ﬁ;gUA_ﬁ(r.)A_A (37.12)

Here we have used the familiar fact that there are a total of r! permutations for r numbers

{1,..r}.
Having proved (37.10), we can conclude immediately that

R(K,)> Z(¥) (37.13)

since 7:(%) Is a subspace of J- (7). Hence, to complete the proof it suffices to show that
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R(KK,) e Z,(7)
This condition means that
T (KA =¢K A (37.14)
forall Ae (7). From (37.1), T_(K,A) is given by
T.(K,A)= iZgaTr (T.A)
r'<
From the result of Exercise 36.2, we can rewrite the preceding equation as

1
T.(K.A)= = ;gUTmA (37.15)

Since the set of all permutations form a group, and since

g‘l'go' = g‘!’G
the right-band side of (37.15) is equal to
1
FZSTETO'TTO'A
or, equivalently,
£ 1 e T A

which is simply another way of writing & K A, so (37.14) is proved.
By exactly the same argument leading to (37.14) we can prove also that
K, (TA)=¢K A (37.16)

Hence K, and T, commute for all permutations z . Also, (37.9) and (37.10) now imply that

K? =K., forall r. Hence we have shown that K. is a projection from 7 (%) to 7:(%) . Froma
result for projections in general [cf. equation (17.13)], Z (¥") can be decomposed into the direct
sum
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T =T,(#)@K(K,) (37.17)
where K(K,) is the: kernel of K, and is characterized by the following theorem.

Theorem 37.2. The kernel K(K,) is generated by the set of simple tensors v' ®---® v" having at
least one pair of equal vectors among the vectors v*,...,v".

Proof. : Since Z(¥") is generated by simple tensors, it suffices to show that the difference
Vi®-®V -K, (VI®--®V) (37.18)

can be expressed as a linear combination of simple tensors having the prescribed property. From
(36.3) and (37.1), the difference (37.18) can be written as

%Z(%@m@v’—gav"(”®~-®v"“)) (37.19)

We claim that each sum of the form
VI®- @V —g v ®...@v (37.20)

can be expressed as a sum of simple tensors each having at least two equal vectors among the r
vectors forming the tensor product. This fact is more or less obvious since in Section 20 we have
mentioned that every permutation o can be decomposed into a product of permutations each
switching only one pair of indices, say

O =0,0,, 0,0, (37.21)

where the number k is even or odd corresponding to o being an even or odd permutation,
respectively. Using the decomposition (37.21), we can rewrite (37.20) in the form

+(V' @@V + v @@ vr)

_(V0'1(1) ®---® V0'1(") + VUZU1(1) ®.---® V0201(r) )

4o (37.22)

_6‘6 (Vo-k—lmo—l(l) ® e ® Vo—kfl"'o-l(r) + Vo_(l) ® e ® Vo-(r) )

~o1(r)

where all the intermediate terms v*"*® ®...®@ v *”  j=1,... k -1 cancel in the sum. Since
each of o,,...,0, switches only one pair of indices, a typical term in the sum (37.22) has the form
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VER -V e Ve VR VR v v VP
which can be combined into three simple tensors:
Va®...(u)...(u)...®\/b

where u=v*,v', and v° +Vv'. Consequently, (37.22) is a sum of simple tensors having the
property prescribed by the theorem. Of course, from (37.16) all those simple tensors belong to the
kernel K(K,). The proof is complete.

In view of the decomposition (37.17), the subspace f: (#") is isomorphic to the factor space
J(7)/K(K,) . Infact, some authors use this structure to define the space 7: (7") abstractly
without making ff(%) a subspace of J. (7). The preceding theorem shows that this abstract
definition of (%) is equivalent to ours,

The next theorem gives a useful property of the skew-symmetric operator K, .

Theorem 37.3. If Ae 7 (¥) and Be 7, (7'), then

K,..(A®B)

p+q

K. (A®K,B)
Ko.o(K,A®B) (37.23)
Ko (K, A®K B)

Proof. Let = be an arbitrary permutation of {1 q}. We define

U:
12 p p+e@® - - - p+z(Q)

Then ¢ =¢_ and

A®TB=T,(A®B)

Hence from (37.14) we have
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K, (A®TB)=K . (T,(A® B)) =¢,K,(A®B)
=¢K,,,(A®B)

or, equivalently,
Kp+q(A®ngTB)=Kp+q(A®B) (37.24)

Summing (37.24) over all 7, we obtain (37.23)1, A similar argument implies (37.23).

In closing this section, we state without proof an expression for the skew-symmetric
operator in terms of the components of its tensor argument. The formula is

1 i j ]
KA=Z51 A &t @@t (37.29)

We leave the proof of this formula as an exercise to the reader. A classical notation for the
components of K A is A; ,,, so from (37.25)

1

O AL (37.26)

Aj.in =
Naturally, we call K A the skew-symmetric part of A. The formula (37.25) and the quotient

theorem mentioned in Exercise 33.7 imply that the component formula (33.32) defines a tensor K,
of order 2r, a fact proved in Section 33 by means of the transformation law.

Exercises

37.1 Let AeJ(7') and define an endomorphism S, of 7 (7") by
S A= L TA
r =ﬁ; o

where the summation is taken over all permutations o of {1 r} asin (37.1). Naturally

S, is called the symmetric operator. Show that it is a projection from 7 (¥") into the
subspace consisting of completely symmetric tensors of order r. What is the kernel
K(S,)? A classical notation for the components of S A is A, ;.

37.2  Prove the formula (37.25).
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Section 38. The Wedge Product

In Section 33 we defined the concept of the tensor product ® , first for vectors, then
generalized to tensors. We pointed out that the tensor product has the important universal
factorization property. In this section we shall define a similar operation, called the wedge product
(or the exterior product), which we shall denote by the symbol A. We shall define first the wedge
product of any set of vectors.

If (vl,...,vr) is any r-triple of vectors, then their tensor product v' ® ---® v" is a simple
tensor in J.(7") [cf. equation (33.10)]. In the preceding section, we have introduced the skew-
symmetric operator K, which is a projection from Z (¥") onto 7:(%) . We now define

VEA- AV E/\(vl,...,vr)s r!Kr(v1®---®vr) (38.1)

for any vectors V',...,v". For example, if r =2, from (37.5) for the special case that A = v ® v*
we have

VIAV =VIQ VI -V Q V! (38.2)
In general, from (37.1) and (36.3) we have

VIA AV = Zgng(vl@)-.-@vr)
- Zga(v“&(“ ®---®v"’1(”) (38.3)

=Y, (vVP® ®v)

where in deriving (38.3), we have used the fact that
E. =&, (38.4)

and the fact that the summation is taken over all permutations o of {1,..., r} :
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We can regard (38.1), as the definition of the operation

ANV XXV > T (V) (38.5)

r times

which is called the operation of wedge product. From (38.1); it is clear that this operation, like the
tensor product, is multilinear; further, A is a (completely) skew-symmetric operation in the sense
that

/\(Va(l),...,Vg(r)) — ga A (Vl,...,Vr) (386)

forall v',...,v" € ¥ and all permutations o of {1 r}. This fact follows directly from the skew

symmetry of K, [cf. (37.16)]. Next we show that the wedge product has also a universal
factorization property which is the condition asserted by the following.

Theorem 38.1. If W is an arbitrary completely skew-symmetric multilinear transformation

W 5 xV U (38.7)
%/_/

r times

where % is an arbitrary vector space, then there exists a unique linear transformation
D:J(¥)> (38.8)
such that
W (V' V') =D(V A AV (38.9)
forall v',...,v" €7 . In operator form, (38.9) means that

W =Don (38.10)

Proof We can use the universal factorization property of the tensor product (cf. Theorem 34.1) to
decompose W by
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W=Co® (38.11)

where C is a linear transformation from 7/ (¥") to « ,

C:ITW)>u (38.12)

Now in view of the fact that W is skew-symmetric, we see that the particular linear transformation
C has the property

C(v¥®---®@v')=£C(V'® V) (38.13)

for all simple tensors v' ® ---® v" € 7(¥) and all permutations & of {1r} Consequently, if

we multiply (38.13) by &_ and sum the result over all o, then from the linearity of C and the
definition (38.3) we have

C(le---Avr):r!C(v1®---®v')

(38.14)
=rIW(v',..,v")
forall v',...,v" € # . Thus the desired linear transformation D is simply given by
D= L C 38.15
TS (38.15)

where the symbol on the right-hand denotes the restriction of C on 7:(%) as usual.

Uniqueness of D can be proved in exactly the same way as in the proof of Theorem 34.1.
Here we need the fact that the tensors of the form v A---AV" e ﬂf(V) , which may be called

simply skew-symmetric tensors for an obvious reason, generate the space .7:' (7). Thisfactis a
direct consequence of the following results:

Q) T (¥") is generated by the set of all simple tensors v' ®---®@ V",

(i) K, is a linear trans formation from J;(7") onto 7:(%).

r
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r

(iii)  Equation (38.1) which defines the simple skew-symmetric tensors v' A---A V",

Knowing that the simple skew-symmetric tensors v A--- Av" form a generating set of
ﬂf("//) , we can conclude immediately that the linear transformation D is unique, since its values
on the generating set are uniquely determined by W through the basic condition (38.9).

As remarked before, the universal factorization property can be used to define the tensor
product abstractly. The preceding theorem shows that the same applies to the wedge product. In

fact, by following this abstract approach, one can define the vector space 9? () entirely
independent of the vector space J;(¥") and the operation A entirely independent of the operation
®.

Having defined the wedge product for vectors, we can generalize the operation easily to
skew-symmetric tensors. If A e 7;(7/) and B e 92("//) , then we define

AAB =UJKr(A®B) (38.16)
where, as before,
r=p+q (38.17)
and
-1)... — |
(r}z r(r-1--(r-p+) _ r! (38.18)
p p! plq!

We can regard (38.16) as the definition of the wedge product from fp(V) xY;(V) — f(%) ,

N T VT,V ) > T(V) (38.19)

Clearly, this operation is bilinear and is characterized by the condition that
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(V' A AVP) AU A AU =VEA-AVP AU A A LS (38.20)
for all simple skew-symmetric tensors v A--- A VP eﬂ;(V) and U A--- AU eﬂ;’(V). We leave

the proof of this simple fact as an exercise to the reader. In component form, the wedge product
A A B is given by

eh®...@ek (38.21)

p+l-ir

plgl o

relative to the product basis of any basis {e'} for 7.

In view of (38.20), we can generalize the wedge product further to an arbitrary member of
skew-symmetric tensors. For example, if A 7;(%) , Be ﬂi("//) and Ce .72(%) , then we have

(AAB)AC=AA(BAC)=AABAC (38.22)
Moreover, A AB AC is also given by

(a+b+c)!
alb'c!

AABAC= K a0 (A®B®C) (38.23)

Further, the wedge product is multilinear in its arguments and is characterized by the associative
law such as

/\~--/\ub)/\(wl/\--~/\wc) (38.24)

=VIAAVEAU A AU AW A AWS

for all simple tensors involved.

From (38.24), the skew symmetry of the wedge product for vectors [cf. (38.6)] can be
generalized to the condition such as

BAA=(-1)"AAB (38.25)
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forall Ac 7, (¥) and B J (¥). Inparticular, if A is of odd order, then

AAA=0

since from (38.25) if the order p of A isodd, then
AAA=(DP"AAA=-AAA
A special case of (38.26) is the elementary result that

vav=0

which is also obvious from (38.2).

Exercises

38.1 Verify (38.6), (38.20), (38.22);, and (38.23).
38.2  Show that (38.23) can be rewritten as

VA AV =8V @@ V"

where the repeated indices are summed from 1 to r.
38.3  Show that

VA AV(U,.., U, ) = det

for all vectors involved.

261

(38.26)

(38.27)

(38.28)

(38.29)

(38.30)
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38.4 Show that

SR T B (38.31)

T Tl

for any reciprocal bases {e'} and {e,} .
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Section 39. Product Bases and Strict Components

In the preceding section we have remarked that the space ,7: (7") is generated by the set of

all simple skew-symmetric tensors of the form v' A---Av". This generating set is linearly
dependent, of course. In this section we shall determine a linearly independent generating set and

thus a basis for 9?("//) consisting entirely of simple skew-symmetric tensors . Naturally, we call
such a basis a basis a product basis for 7:(%) .

Let {e'} be abasis for ¥ as usual. Then the simple tensors {e* ®---®e"} form a product

basis for (7). Since 7:("//) is a subspace of 7 (¥"), every element A e f?(%) has the
representation

A=A e"® @ (39.1)

where the repeated indices are summed from 1 to N, the dimension of J. (7). Now, since
Ae f:(V) , itis invariant under the skew-symmetric operator K, , namely

A=K A=A K (e"® -®e") (39.2)
Then from (38.1) we can rewrite the representation (39.1) as

A=%A1__ireil A BT (39.3)

Thus we have shown that the set of simple skew-symmetric tensors {eil A A eif} already forms a

generating set for 7;(%) .

The generating set {ei1 /\m/\eif} is still not linearly independent, however. This fact is
easily seen, since the wedge product is skew-symmetric, as shown by (38.6). Indeed, if i, and i,
are equal, then e A---Ane" must vanish. In general if o is any permutation of {1 r} , then

e"® n..-ne"® s linearly related to e A---Ae" by
el AL Al = 8O,ei1 NN-X (39.4)

Hence if we eliminate the redundant elements of the generating set {e‘1 A A e‘f} by restricting the
range of the indices (i,,...,i,) in such a way that
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I <<l (39.5)
the resulting subset {e* A---Ae",i, <---<i,} remains a generating set of 7;(¥"). The next theorem
shows that this subset is linearly independent and thus a basis for ﬂf(“/) , called the product basis.

Theorem 39.1. The set {e* ---ae",i; <---<i,} is linearly independent.
Proof. Suppose that the set {e‘1 A ARl << i,} obeys the homogeneous linear equation

D C, " A net (39.6)

I <-<iy

where {C
from 1 to N subject to the condition (39.5). Then we must show that C;

<o < ir} are scalars, and where the summation is taken over all indices i,...,1,

, Vvanishes completely.
From (38.31), if we evaluate the tensor (39.6) at the argument (eil,...,eir), where {ej} denotes the
reciprocal basis of {e'} as usual, we get

> C, . orh =0 (39.7)

i <-<iy

forall j,..., ], ranging from 1 to N . In particular, if we choose j, <---< j,, then the summation

reduces to only one term, namely C, ; and the equation yields

C 0

Bk T

which is the desired result.

. N : .
It is easy to see that there are only [r j number of elements in the product basis

{e" n-oneh iy << (39.8)
Thus we have

N!

TN =) (399)

dimfj(n//):(:\'j

In particular, we recover the corollary of Theorem 36.1, that is
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dim7 () =0
ifr>N.

Returning now to the representation (39.3) for an arbitrary skew-symmetric tensor
Ac 7: (") , we can rewrite that representation as

A= D A e r--ne (39.10)

iy <e<iy

The reason that we can replace the full summation in (39.3) by the restricted summation is because
for each increasing r-tuple (i,...,i,) there are precisely r! permutations of {i,,...,i,}. Further, their

corresponding r! terms in the full summation (39.3) are all equal to one another, since both A
and e* A---Ae" are completely skew-symmetric in the indices (iy,...,i ), so for any permutation &
of {i,,...,i,} we have

b AL Al = g2 hoaeo el = LN
Ainy B TN ARTT =GN B A AT = A B A AT

In view of (39.10), we see that the scalars

are the components of A relative to the product basis (39.8). For definiteness, we call these
scalars the strict components of A.

As an illustration of this concept, let us compute the strict components of the simple skew-
symmetric tensor V' A---AV" € 7 (7). As usual we represent the vector v' in component form

relative to {e'} by
Vi =vie!
forall i =1,...,r. Using the skew-symmetry of the wedge product, we have

Ao AV =V el Ao nel = Loyt Shedrgh oLl A @l
VIAS AV =V eV e A AR —'z' Vi VO Tet A ne (39.11)
iy <-<i

which means that the strict components of V' A---AV" are

Loy Sk i . <
{le Vj,é‘il...i, il < <Ir}
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Next, we consider the transformation rule for the strict components in general.

Theorem 39.2. Under a change of basis from {e’} to {&'}, the strict components of a tensor
Ae f: (7") obey the transformation rule

A= 2 TEVAL (39.12)

iy <<y

where TJ'11; isan rxr minor of the transformation matrix [T;] as defined by (21.21). Of course,

T/ is given by

i Al
Tj_-e ej

as usual [cf. (31.21)], where {&,} is the reciprocal basis of {&'}.

Proof. Since the strict components are nothing but the ordinary tensor components restricted to the
subset of indices in increasing order [cf. (39.5)], we can compute their values in the usual way by

A =AE,,..8,) (39.13)

o

Substituting the strict component representation (39.10) into (39.13) and making use of the formula
(38.30) we obtain

A

A — i i A

iy <-<ip
- oA o
el.ej1 . . . el_ejr

= > A, det
i <-<ip
I A ir A

_e ej1 e .(:3Jr

which is the desired result.

From (21.25), we can write the transformation rule (39.12) in the form

A, =det[ T3] X (cof Tiih) A (39.14)

i <<y

As all illustration of (39.12), take r = N . Then (39.9) implies
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dim7, (¥) =1 (39.15)
And (39.12) reduces to
A,  =det[ T/ ]A, (39.16)

Comparing (39.16) with (33.15), we see that the strict component of an N-vector transforms
according to the rule of an axial scalar of weight 1 [cf. (33.35)]. N-vectors are also called densities
or density tensors.

Next take r =N —1. Then (39.9) implies that
dimJ, ,(¥)=N (39.17)
In this case the transformation rule (39.12) can be rewritten as
=det[ T/ |TA (39.18)
where the quantities A“ and A' are defined by
A=)V A, ., (39.19)
and similarly
A=E=D"'A, (39.20)

Here the symbol ™ over k or | means k or | are deleted from the list of indices as before. To
prove (39.18), we make use of the alternative form (39.14), obtaining

A12...|Z...N = det [Tba:IZI:(COf TllzzlkNN )Alz...f...N
Multiplying this equation by (1) and using the definitions (39.19) and (39.20), we get
= det [T ] (-0 (eof T30 ) A

But now from (21.23), it is easy to see that the cofactor of the (N —1)(N —1) minor T2V in the

12..1..N

matrix [T J is simply (=1)“*' times the element T,. Thus (39.18) is proved.
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From (39.19) or (39.20) we see that the quantities A and A', like the strict components
A, . yand A, . characterize the tensor A completely. In view of the transformation rule

(39.18), we see that the quantity A' transforms according to the rule of the component of an axial
vector of weight 1 [cf. (33.35)]. (N —1) vectors are often called (axial) vector densities.

The operation given by (39.19) and (39.20) can be generalized to f;,f, (¥") ingeneral. If
A... . isastrict component of A e, _ (¥), then we define a quantity A" by

ek 2§ gl
A & A i

I <<y _y

o
(N =r)!

(39.21)
gil...iN,,jl...irA .

When r =1, (39.21) reduces to (39.20). Recall that "™ transforms according to the rule of an
axial contravariant tensor of order N and weight 1. Moreover, since Ah* is skew-symmetric in
(Jyr- J,) » We can write the transformation rule as

Rh _det[T2] Y A (3922)

i <<y

where 'I:il"_{'i';jf isan rxr minor of the transformation matrix [Tba] When r =1, (39.22) reduces to
(39.18).

As an illustration of (39.20), we take N =3; then (39.20) yields
A = Poss A = —As, A= A, (39.23)
As we shall see, this operation is closely related to the classical operation of cross product (or
vector product) which assigns an axial vector to a skew- symmetric two-vector on a three-

dimensional space.

Before closing this section, we note here a convenient condition for determining whether or
not a given set of vectors is linearly dependent by examining their wedge product.

Theorem 39.3. A set of r vectors {vl,...,v'} is linearly dependent if and only if their wedge
product vanishes, i.e.,

ViA-AV =0 (39.24)

Proof. Necessity is obvious, since if {vl,...,vr} is linearly dependent, then at least one of the
vectors can be expressed as a linear combination of the other vectors, say
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Vi=aVi+ota, VT (39.25)

Then (39.24) follows because

r-1
V A AV :Zlozjvl/\--v\vr"l/\vJ =0
=1

as required by the skew symmetry of the wedge product. Conversely, if {vl,..., v’} is linearly
independent, then it can be extended to a basis {vl,...,vN} (cf. Theorem 9.8). From Theorem 39.1,

the simple skew-symmetric tensor v* A---Av" forms a basis for the one-dimensional space
Iy, (7)) and thus is nonzero, so that this factor v* A---AV" is also nonzero.

Corollary. Asetof N covectors {vl,...,vN} is a basis for ¥~ if and only if v A---AVN 20.

Exercises
39.1 Show that the product basis of f?(%) satisfies the following transformation rule:

N S P LTI I (39.26)

j1<‘“< Ir

relative to any change of basis from {é'} to {e’} with transformation matrix [ T/].

39.2  For the skew-symmetric tensor space ﬂf(V) it is customary to define the inner produce
T (V)xT(V)> R (39.27)

by requiring the product basis of an orthonormal basis be orthonormal with respect to *. In
other words, relative to an orthonormal basis {il,..., i”} the inner produce A =B of any

A Be 7:(%) is given by

AxB= > A B (39.28)

i <-<i

Show that this inner product is related to the ordinary inner product - on f:(V) , regarded
as a subspace of J/(7), by
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A*B==A-B (39.29)
r!

forall A, Be 7. (7).
39.3 Relative to the inner product *, show that

A-aUl)=det| . (39.30)

for all simple skew- symmetric tensors v A---AVv" and u* A---AU" in f:(V) .

39.4 Relative to the product basis of any basis {ei} , show that the inner product A *B has the
representation

Cehl . . . gii]
AxB = z det| . . Al---irle"'jr (39.31)
e
_eirjl . . . eirjr_
where €' is given by
el=¢'.e! (39.32)

as before [cf. (14.8)]. In particular, if {e‘} is orthonormal, then e’ = 5" and (39.31)

reduces to (39.28).
39.5 Prove the transformation rule (39.22).
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Section 40. Determinant and Orientation

In the preceding section we have shown that the strict component of an N-vector over an N-
dimensional space ¥~ transforms according to the rule of an axial scalar of weight 1. For brevity,

we call an N-vector simply a density or a density tensor. From (39.15), the space ,7; (¥) of
densities on 7~ is one-dimensional, and for any basis {e‘} a product basis for ﬂi, (v) is

1 N

e A---Ae . If D isadensity, then it has the representation

D=D, & A---ae" (40.1)
where the strict component D,,  is given by

D, v =D(e,,...ey) (40.2)

{e;} being the reciprocal basis of {ej} as usual. The representation (40.1) shows that every
density is a simple skew-symmetric tensor, e.g., we can represent D by

D:(Dlz_,Nel)/\---/\eN (40.3)
This representation is not unique, of course.
Now if A is an endomorphism of ¥, we can define a linear map
f:,(7) > 5 (¥) (40.4)
by the condition

(VA AV ) =(AVH) A A (AVY) (40.5)

forall v',...,v" €7 . We can prove the existence and uniqueness of the linear map f by the

universal factorization property of 9,:“ (7") as shown by Theorem 38.1. Indeed, we define first the
skew-symmetric multilinear map

F ¥ x--x¥ > I,(¥) (40.6)

by

F(Vhea V) = (AV) Ao A (AVY) (40.7)
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where the skew symmetry and the multilinearity of F are obvious. Then from (38.10) we can
define a unique linear map f of the form (40.4) such that

F=fon (40.8)
which means precisely the condition (40.5).
Since 7,1 (") is one-dimensional, the linear map f must have the representation
f(vl/\-‘-/\VN)=avl/\-~-/\VN (40.9)
where « is a scalar uniquely determined by f and hence A. We claim that
a =detA (40.10)
Thus the determinant of A can be defined free of any basis by the condition

(AV ) A--A(AVY) = (det AV A AV (40.11)

forall V,...,.vN ev .

To prove (40.10), or, equivalently, (40.11), we choose reciprocal basis {e;} and {ei} for v

and recall that the determinant of A is given by the determinant of the component matrix of A.
Let A be represented by the component forms

Ae, =Ale,, Ae' = Ae] (40.12)
where (40.12), is meaningful because 7~ is an inner product space. Then, by definition, we have
det A = det[ A’ | =det[ A/] (40.13)
Substituting (40.12), into (40.5), we get
fe"nne")= Al A Vet A neh (40.14)
The skew symmetry of the wedge product implies that
eb Aonelh = ghvivgl AL ngN (40.15)

where the ¢ symbol is defined by (20.3). Combining (40.14) and (40.15), and comparing the
result with (40.9), we see that
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aet A---nel :Ajll---AjNNgh”"Nel/v--/\eN

or equivalently

(40.16)

(40.17)

since " A---Ae" is a basis for .7;, (7") . But by definition the right-hand side of (40.17) is equal to

the determinant of the matrix [Aj‘] and thus (40.10) is proved.

As an illustration of (40.11), we see that

detl =1

since we have
(Ivl)/\---/\(IVN)zvl/\---/\VN = (det V' A--- A VY
More generally, we have
det(al) = a"
Since

(alvl)/\m/\(alvN)=(avl)/\~-/\(aVN)=aNVl/\--~/\VN

It is now also obvious that
det(AB) = (det A)(det B)
since we have

(ABV') A---A(ABV" ) = (det A) (BV') A--- A (BV")
= (det A)(detB)V' A--- A V"

forall v',...,v" €7 . Combining (40.19) and (40.20), we recover also the formula

det(aA) = a" (det A)

(40.18)

(40.19)

(40.20)

(40.21)
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Another application of (40.11) yields the result that A is non-singular if and only if det A
IS non-zero. To see this result, notice first the simple fact that A is non-singular if and only if A

transforms any basis {e’} of % into a basis {Ae’} of %". From the corollary of Theorem 39.3,
{Ae'} isabasis of ¥ ifand only if (Ae')A---A(Ae")=0. Then from (40.11),

(Ae*)A---A(Ae") =0 ifand only if det A=0. Thus detA =0 is necessary and sufficient for A
to be non-singular.

The determinant, of course), is just one of the invariants of A. In Chapter 6, Section 26,
we have introduced the set of fundamental invariants {z,..., 11 } for A by the equation

det(A+th)=t" + t" ™"+ gyt + 1 (40.22)

Since we have shown that the determinant of any endomorphism can be characterized by the
condition (40.11), if we apply (40.11) to the endomorphism A +tl, the result is

1 N

(Avl+tvl)/\---/\(AVN +tVN):(tN +,ultN’l+---+,uN_lt+yN)v Ae AV

Comparing the coefficient of t"* on the two sides of this equation, we obtain

w4 NV A AV = Z VEAAAVE A AAVE A AAVE A A VY (40.23)

iy <-<i

N
where there are precisely (Kj terms in the summation on the right hand side of (40.23), each

containing K factors of A acting on the covectors v*,...,v. In particular, taking K =N , we
recover the result

NV A AV =(AV1)/\~-/\(AVN)
which is the same as (40.11) since

4y =detA

Likewise, taking K =1, we obtain
N .
,ulvl/\---/\VN=ZV1/\---/\AV'/\---/\VN (40.24)
i=1

which characterizes the trace of A free of any basis, since
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u=1mrA

Of course, we can prove the existence arid the uniqueness of g, satisfying the condition (40.23)
by the universal factorization property as before.

Since the space ﬂ; (¥") is one-dimensional, it is divided by 0 into two nonzero segments.
Two nonzero densities D, and D, are in the same segment if they differ by a positive scalar factor,
say D, =AD,, where 1>0. Conversely, if D, and D, differ by a negative scalar factor, then they

belong to different segments. If {e'} and {&'} are two basis for ¥, we define their corresponding
product basis e* A---e" and & A--- 8" for 7, (¥) as usual; then we say that {e'} and {&'}
have the same orientation and that the change of basis is a proper transformation if e A---Ae"
and 8 A---A&" belong to the same segment of .7, (¥") . Conversely, opposite orientation and

improper transformation are defined by the condition that €' A---Ae™ and &' A---A&" belong to
different segments of .7, (%) . From (39.26) for the case r = N, the product basis e* A---re" and

é' A---ne"N are related by

et A-nel =det[Tji]é1/\m/\éN (40.25)

Consequently, the change of basis is proper or improper if and only if det [Tj‘] is positive or
negative, respectively.

It is conventional to designate one segment of 7; (") positive and the other one negative.
Whenever such a designation has been made, we say that f?; (") and, thus, ¥, are oriented. For
an oriented space ¥~ a basis {e‘} is positively oriented or right-handed if its product basis

e' A---ae" belongs to the positive segment of f?; (") ; otherwise, the basis is negatively oriented

or left-handed. It is customary to restrict the choice of basis for an oriented space to positively
oriented bases only. Under such a restriction, the parity ¢ [cf, (33.35)] of all relative tensors
always has the value +1, since the transformation is restricted to be proper. Hence, in this case it is
.not necessary to distinguish relative tensors into axial ones and polar ones.

As remarked in Exercise 39.2, it is conventional to use the inner product * defined by
(39.29) for skew-symmetric tensors. For the space of densities ﬂfv (#") the inner product is given
by [cf. (39.31)]

AxB=det[e"|A, \B, , (40.26)
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where A, , and B,, , are the strict component of A and B as defined by (40.2). Clearly, there

exists an unique unit density with respect to * in each segment of 7; 7). If fN (7)) is oriented,
the unit density in the positive segment is usually denoted by E, then the unit density in the
negative segment is —E . In general, if D is any density in ,7?; (¥) , then it has the representation

D =dE (40.27)

In accordance with the usual practice, the scalar d in (40.27), which is the component of D
relative to the positive unit density E, is also called a density or more specifically a density scalar,
as opposed to the term density tensor for D. This convention is consistent with the common
practice of identifying a scalar « with an element 1 in #, where Z is, of course, an oriented
one-dimensional space with positive unit element 1.

If {e‘} is a basis in an oriented space 7, then we define the density e* of {e‘} to be the

component of the product basis e* A---Ae" relative to E, namely
e'n--neMN =e'E (40.28)

In other words, e" is the density of the product basis of {e'} . Clearly, {e'} is positively oriented or
negatively oriented depending on whether its density e” is positive or negative, respectively. We
say that a basis {ei} is unimodular if its density has unit absolute value. i.e., [e*|=1. All

orthonormal bases, right-handed or left-handed, are always unimodular. A unimodular basis in
general need not be orthonormal, however.

From (40.28) and (40.26), we have

¢” =e'Exe’E=det[e’ ] (40.29)
for any basis {e'|. Hence the absolute density |e’| of {e'} is given by
e’|=(det[e"])"” (40.30)
Substituting (40.30) into (40.28), we have
1 N ij 2
et nene =g(det[e‘} )E (40.31)

where ¢ is +1 if {e'} is positively oriented and it is 1 if {e'} is negatively oriented.

From (40.25) and (40.27) the density of a basis transforms according to the rule
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e =det[T', |¢& (40.32)

under a change of basis from {e’} to {&'}. Comparing (40.32) with (33.35), we see that the
density of a basis is an axial relative scalar of weight —1.

An interesting property of a unit density (E or —E) is given by the following theorem.
Theorem 40.1. If U is a unit density in 7;(%) , then
[U *(vl/\-~-/\VN)][U*(U1/\~-AUN)] =det[ v'-u’] (40.33)
forall v',..,v" and u',...,u" in 7.
Proof. Clearly we can represent U as the product basis of an orthonormal basis, say {ik}, with

U=i A Al (40.34)

From (40.34) and (39.30), we then have
Us(ViA-av)=det[i-v'|=det[v']
and
Us(u A au)=det[i;-u'|=det[u ]

where vij and uij are the j th components of v' and u' relative to {ik}, respectively. Using the
product rule and the transpose rule of the determinant, we then obtain

[Us(v A avt) [[Us(ut s aut) | = det[ V'] ]det[u" ]
— et v',Jaet [ u", ] =det([v', J[u", T
- det{gv‘ku‘k} =det[v'-u’]
which is the desired result.

By exactly the same argument, we have also the following theorem.
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Theorem 40.2. If U is a unit density as before, then
U(vl,...,vN)U(ul,...,uN):det[vi-uj] (40.35)

forall v,,...,v, and u,,...,u, in 7.

Exercises

40.1 If A is anendomorphism of ¥~ show that the determinant of A can be characterized by
the following basis-free condition:

D(Av,,...,Av ) =(detA)D(v,,...,vy) (40.36)

for all densities D € 7, (¥) and all vectors v,,...,v, in 7 .

Note. A complete proof of this result consists of the following two parts:
Q) There exists a unique scalar « , depending on A, such that

D(Av,,...,Avy )=aD(v,,..,Vy)

for all Deﬂﬁ(%) and all vectors v,,...,v in 7.
(i)  Thescalar « isequal to detA.
40.2  Use the formula (40.36) and show that the fundamental invariants {,..., 41, } of an

endomorphism A can be characterized by

14D (Vy Vi) = 2 D(Vyers AV AV, V) (40.37)

forall v,,..,v, €7 andall D, (¥). Here the summation on the right-hand side of
N
(40.37) is similar to that of (40.23), i.e., there are (Kj terms in the summation, each

containing the value of D at the argument with K vectors v, ,...,v; ,actedonby A. In
particular, taking K = N, we recover the formula (40.36), and taking K =1, we obtain

(tr A)D(Vy,..., V) =D D(Vye AV, V) (40.38)

40.3 The Gramian is a function (not multilinear) G of K vectors defined by

G(Vyy.nVy ) =det| v, v | (40.39)
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where the matrix [ v;-v; ] is K xK_, of course, Use the result of Theorem 40.2 and show
that

G(Vy,...,Vy )20 (40.40)

and that the equality holds if and only if {v,,...,v,} is a linear dependent set. Note. When

K =2, the result (40.40) reduces to the Schwarz inequality.
Use the results of this section and prove that

det A =det A’

for an endomorphism Ae Z(7;7).
Show that adjA, which is used in (26.15), can be defined by

(@djAWV  AVZ A AVY =VEAAVE A AAVY

Use (40.23) and the result in Exercise 40.5 and show that

Uy, =tradjA
Show that
adjAB =adjBadjA
detadjA = (detA)""
adj(adjA) = (detA)" A
and

detadj(adjA) = (detA)™ ™

for ABeZ(7;7) and N =dim7".
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Section 41. Duality

As a consequence of (39.9), the dimension of the space ﬂf(V) is equal to that of ﬂﬁ,fr 7).

Hence the spaces 9?("//) and ﬂ?;_r (¥") are isomorphic. The purpose of this section is to establish a
particular isomorphism,

D, :%,(*) > 9, (¥) (41.1)

called the duality operator, for an oriented space ¥ . As we shall see, this duality operator gives
rise to a definition to the operation of cross product or vector product when N =3 and r=2.

We recall first that 9?(%) is equipped with the inner product * given by (39.29). Let E be
the distinguished positive unit density in 7; (") as introduced in the preceding section. Then for
any Ae ﬂf(V) we define its dual D A in ﬂfH(V) by the condition

Ex(AAZ)=(D,A)*Z (41.2)

forall Ze ﬂ,i_r("//) . Since the left-hand side of (41.2) is linear in Z, and since * is an inner
product, D A is uniquely determined by (41.2). Further, from (41.2), D,A depends linearly on

A, so D, is a linear transformation from 7-(¥) to 7, . (¥).

Theorem 41.1. The duality operator D, defined by the condition (41.2) is an isomorphism.
Proof. Since f(%) and ﬁ:;_r(%) are isomorphic, it suffices to show that D, is an isometry, i.e.,
(D,A)*(D,A)=A*A (41.3)
forall Ae 7:(%) . The polar identity
A*B:%{A*A+B*B—(A—B)*(A—B)} (41.4)

then implies that D, preserves the inner product also; i.e.,

(D,A)*(D,B)=A*B (41.5)
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forall A and B in 9?("// ). To prove (41.3), we choose an arbitrary right-handed orthogonal basis
{i;} of . Then E is simply the product basis of {i,}

E=i A Al (41.6)

Of course, we represent A,Z, and D, A in strict component form relative to {ij} also; then (41.2)
can be written as

Z Eiviin i L = Z (DFA)jl...jN,,Zh---J'Nfr (41.7)
i;L<“‘<ir_ jl<“‘<ijr
J<<Inor

Since Z is arbitrary, (41.7) implies

(Dr’A‘)h,,,ijr = Z i P, (41.8)

iy <<y

This formula gives the strict components of D A in terms of those of A relative to a right-handed
orthonormal basis.

From (41.8) we can compute the value of left-hand side of (41.3) by

(DrA)*(DrA): z Ei i i Sk e i Ak

I <<y
ky <<k
h<<In-r

= Z Al...i, Al...i, =A*A

which is the desired result.

Having proved that D, is an isomorphism from f?(%) to j;,_r(V) relative to the inner
product *, we can now use the condition (41.2) and (41.5) to compute the inverse of D, . Indeed,
from the skew symmetry of the wedge product [cf. (38.25)] we have

AAZ=(-D"NZAA (41.9)
Hence (41.2) yields

(D,A)*Z=(-1)"""A%(D,_2) (41.10)

forall Ae 7(¥) and Ze 7, (¥). On the other hand. (41.5) yields
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(D,A)*(Z)=Ax(D,"Z) (41.11)
when we chose D B =Z. Comparing (41.10) with (41.11), we obtain
D, " =(-)’'™"D,_, (41.12)

which is the desired result.

We notice that the equations (41.8) and (39.21) are very similar to each other, the only
difference being that (39.21) applies to all bases while (41.8) is restricted to right-handed
orthonormal bases only. Since the quantities given by (39.21) transform according to the rule of an

axial tensor density, while the dual D A is a tensor in ‘7;7, ('), the formula (41.8) is no longer
valid if the basis is not right-handed and orthogonal, If {ei} is an arbitrary basis, then E is given
by (40.31). Inthis case if we represent A,Z, and D ,A again by their strict components relative to
{e'}, then from (39.21) and (40.28) the condition (41.2) can be written as

[k L gk ]
DA LZ, gt = Y det| . |(DA), . Z,., (41.13)
o e e I W r Ky Kn_r he Inor
<< <<
ekarh . . . ekaerfr
Since Z is arbitrary, (41.13) implies
[ ek L gk ]
Z Almirgil...i,h...ijre*: z det| - - |(b,A), (41.14)
iy <<y ky<<Ky_y e
ekarh . . . ekaerfr

We can solve (41.14) for the components of D, A in the following way. We multiply (41.14) by

€ €

h Jn-r

det

L in-rh JN—rIN—r_
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and sumon j,,..., Jy_, inincreasing order, then we obtain

-r

Jth ’ ' hln-r
(DA), , = D A eetihrdet : (41.15)
1o IN-r . " i
b
T T N

which is the desired result. In deriving (41.15) we have used the identity (21.26) for the matrix
[e"] and its inverse | e; | in order to obtain the formula

B ekljl . . . ekle—r ] e.

kh ) ) Il -r

> det| . . |det| - c o |=8m (41.16)

<<ner

ekN—rh . . . ekN—er—r

L _ L in-rk in-rnor

Equation (41.15) follows, since we have

> sui(DA), . =(DA)

Ky <-<ky_p

(41.17)

ey

Notice that (41.8) is a special case of (41.15) when the basis is right-handed and orthonormal, since

in this case e” =1,¢; = ¢;, and, from (21.5),

oy

i ' ) ) Il -r

det| - N

...l

L in=rh inrIn-r

Then as in (41.17) we have

z Sil-'irjl"jN—rajl"l-jr — gil"irll"lN—r

. . Il.“ r
h<<In-r

And thus (41.15) reduces to (41.8).



284 Chap. 8 . EXTERIOR ALGEBRA

The duality operator can be used to define the cross product or the vector product for an
oriented three-dimensional space. If we take N =3, then D, is an isomorphism from Z,(7") to

A
D,: 5,(¥)> I(¥)=¥ (41.18)
soforany u and ve”', D,(uAv) isavectorin ¥". We put
uxv=D,(uAav) (41.19)

called the cross product of u with v.

We now prove that this definition is consistent with the classical definition of a cross
product. This fact is more or less obvious. From (41.2), we have

Ex(uavaw)=u-(vxw) forallwe v (41.20)

where we have replaced the * inner product on the right-hand side by the - inner product since
uxVv and w belongto ¥ . Equation (41.20) shows that

(uxv)-u=(uxv)-v=0 (41.21),

so that ux v is orthogonal to v. That equation shows also that uxv =0 if and only if u,v are
linearly dependent. Further, if u,v are linearly independent, and if n is the unit normal of u and
v such that {u,v,n} from a right-handed basis, then

(uxv)-n>0 (41,21),
which means that u x v is pointing in the same direction as n. Finally, from (40.33) we obtain

[Ex(uavaw)][Ex(uavaw)]=(uxV)-(uxv)
u-u u-v 0
=det|v-u v-v 0 :||u||2 ||v||2 —(u-vY’ (41.22)
0 0 1

= JulF IvIF (2= cos” &) = ul v sin” @

where & is the angle between u and v. Hence we have shown that ux v is in the direction of n
and has the magnitude ||uf|[v|sin @, so that the definition of ux v, based on (41.20), is consistent

with the classical definition of the cross product.
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From (41.19), the usual properties of the cross product are obvious; e.g., ux Vv is bilinear
and skew-symmetric in u and v. From (41.8), relative to a right-handed orthogonal basis

{| i,,i,} the components of uxv are given by

(uxv), =D & (uv; —uy ) = guy, (41.23)

i<j

where the summations on i, j in the last term are unrestricted. Thus we have

(UxV), = UV, — Uy,
(UxV), =UuyV, —u,, (41.24)

(u X V)3 = UV, —U,vy
On the other hand, if we use an arbitrary basis {e‘} , then from (41.15) we have

(uxv), =D (uyv; —uy, )e's™e, =e'e,c™uy, (41.25)

i<j

where e” is given by (40.31), namely
= g(det[e”])ﬂ2

Exercises

411 If Ded,(¥), what is the value of DD ?
41.2 If {ei} is a basis of ¥, determine the strict components of the dual D, (e" /\---/\ei') :

Hint. The strict components of e* A---Ae" are {5'1 Sk < jr} since as in (41.17) we
have
PR RN TVN L LN UN - (41.26)
h<<jr

41.3 If A is an endomorphism of a three-dimensional oriented inner product space ¥, show
that

Au-(AvxAw) = (detA)u-(vxw) (41.27)

and if A is invertible, show that
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Avx Aw = (detA) (A7) vxw (41.28)
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Section 42. Transformation to the Contravariant Representation

So far we have used the covariant representations of skew-symmetric tensors only. We
could, of course, develop the results of exterior algebra using the contravariant representations or
even the mixcd representations of skew-symmetric tensors, since we have a fixed rule of
transformation among the various representations based on the inner product, as explained in
Section 35. In this section, we shall demonstrate the transformation from the covariant
representation to the contravariant representation.

Recall that in general if A is a tensor of order r, then relative to any reciprocal bases {e,}

and {e‘} the contravariant components A" of A are related to the covariant components A, of
A by [cf. (35.21)]

Ail"-ir — ei1j2 e eirjr A i
S e

(42.2)
This transfornlation rule is valid for all rth order tensors, including skew-symmetric ones.
However, as we have explained in Section 39, for skew-symmetric tensors it is convenient to use
the strict components. Their transformation rule no longer has the simple form (42.1), since the
summations on the repeated indices j, --- j, on the right-hand side of (42.1) are unrestricted. We

shall now derive the transformation rule between the contravariant and the covariant strict
components of a skew-symmetric tensor.

Recall that the strict components of a skew-symmetric tensor are simply the ordinary
components restricted to an increasing set of indices, as shown in (39.10). In order to obtain an
equivalent form of (42.1) using the strict components of A only, we must replace the right-hand
side of that equation by a restricted summation. For this purpose we use the identity [cf. (37.26)]

1 Ky.. Kk,
At = Aiin = 17000 Ak (42.2)

where, by assumption, A is skew-symmetric. Substituting (42.2) into (42.1), we obtain

Ail-'ir — lé‘!ﬁ---!(reiﬂ-l e eirjr A(l ‘ (42.3)

r| heJr ~Kr
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Now, since the coefficient of A, is skew-symmetric, we can restrict the summations on k, ---k;

to the increasing order by removing the factor %, , that is

Ail. Z 5k1 kre'lh .. rJr A(l_,kr (42.4)

Ky <<k

This is the desired transformation rule from the covariant strict components to the contravariant
ones. Clearly, the inverse of (42.4) is

= z 5kj11.'.'.'kj,reiljl"'ei,j,Aklmkr (42.5)

ky <<k,

which is the transformation rule from the contravariant strict components to the covariant ones.

From (21.21) we see that (42.4) is equivalent to

Al-ie — Z eil..i,,kl...k,A(lmkr

ky <<k,
_ei1k1 . . . eilkr_
: : (42.6)
= z det| - : A<1...k
ky <<k, '
_eirkl . . . eirkr_
while (42.5) is equivalent to
Ky Ky
A= 2 B A
ky <<k,
_eilkl eilk,_
(42.7)
= Z det . . Akl-'-kr
ky <<k,
_eirkl eirk,_

In particular, when r = N, we have
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AN = det[eij ] A A= det [eii ] At (42.8)

From the transformation rules (42.6) and (42.7), or directly from the skew-symmetry of the
wedge product, we see that the product basis of any reciprocal bases {e,} and {ei} obeys the

following transformation rules:

il . .. @ik ]
e' A-oneh = ) det| - - le Ane (42.9)
ky <<k,
ik gike
and
ei1k1 gk,
e, A--ng = Y det] - S PNRIN-A (42.10)
Ky <<k
_eirkl ik,

In deriving (42.9) and (42.10) we have used the fact that the strict covariant components of
e" A---ne" are

o << 1)

1 e !

and, likewise, the strict contravariant components of e, A---ae, are

{olir << i

as shown by (41.26). If we apply (42.9) and (42.10) to the product bases e* A---Ae" and
e, A~ A€y, We get
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e'n-one :det[e”]elxx---x\eN

e, A---ney =det[e; |l Ar- ne @24l
The product bases
{ehnneti<oo<ipand e Aceae i << )
are reciprocal bases with respect to the inner product *, since from (39.30) we have
G
(€" A~ net)x(e; A-one; )=det| - =0t (42.12)
5
In particular, when r = N we have
(elx\---/\e“)*(el/\---/\eN):l (42.13)

From (42.12), we can compute the * inner product of any two rth order skew-symmetric tensors

A*B= z 'A‘klmkrqu...l(r = Z A<1...k,Bk1mk' (42.14)

Ky <<k, Ky <<k,

These formulas are equivalent to the formula (39.31), which is based on the covariant strict
components of A and B.

For an oriented space we have defined the density e* of a basis {ei} to be the components

of e' A---aeV relative to the positive unit density E, namely

e'n--ne" =e'E (42.15)

as shown by (40.28). Clearly we can define a similar component for the basis {ei} , hamely
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e, An--ney =€eE (42.16)
Further, from (42.13) the components e and e" are related by

ee’ =1 (42.17)

In view of this relation, we call e the volume of {e;}. Then {e} is positively oriented or right-
handed if its volume e is positive; otherwise, {e.

} is negatively oriented or left-handed. As

before, a unimodular basis {e;} is defined by the condition that the absolute volume |e| is equal to
unity.

We can compute the absolute volume by
e’ =det[ g | (42.18)
or equivalently
le|= (det[e". ])1/2 (42.19)

The proof is the same as that of (40.29) and (40.30). Substituting (42.19) into (42.17), we have
also

e,n-ney =(det[e)]) E (42.20)
where ¢ is + if {e;} is positively oriented and it is — if {e;} is negatively oriented.

Using the contravariant components, we can simplify the formulas of the preceding section
somewhat; e.g., from (42.6) we can rewrite (41.15) as

(Dr'A\)jll”j'\Fr = Z Al.“ire*gil"'ifjl'"jN*' (4221)

iy <--<iy
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which is equivalent to

(DrA)J_ll_jNi = A‘1~-iregi1“_irh__ijr (42.22)

i <-<iy

Similarly, (41.25) can be rewritten as

(ux v)k =e'g™uyv. (42.23)

J

which is equivalent to

(uxv), =egu'v! (42.24)

Exercises

42.1  Prove the formula (42.22).
42.2  Use the result of Exercise 41.2 or the transformation rules (42.21)and (42.22) and show that

D, (eil NN\ ) = h;jr e*gil"'i’jl“'j”"ej1 ASEEVN TS (42.25)
which is equivalent to
D, (e, Ang )= D €5 ) et A A (42.26)
hr<<e
42.3  Show that has the representations
E= 15‘1---‘Nei1 ® --®e =es  el® ..l (42.27)

e

where



Sec. 42 . Contravariant Representation 293

%gil...i,\, _ egjl,,,,-Neilh ... gy (42.28)

and

e= g(det[eij})”2 (42.29)
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