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 1 1k k kb d a≤ ≤ − +  (30.41) 
 

where kd  is the algebraic multiplicity of kλ  and ka  is the multiplicity of  kλ  in m ,as shown in 
(30.21).  Further, k kb d=  if and only if 

 

 2( ( )) ( ( ))k kK g K g=A A  (30.42) 
 

Proof.   If kλ  is a simple root of m , i.e., 1ka =  and k kg m= , then from (30.34) and (30.40) we 
have k kb d= .  On the other hand, if kλ  is a multiple root of m , i.e., 1ka >  and ka

k km g= , then the 
polynomials ( 1)2, ,..., ka

k k kg g g −  are proper divisors of km .  Hence by Theorem 30.3 

 

 ( 1)2( ) ( ( )) ( ( )) ( ( )) ( ( ))ka
k k k k kK g K g K g K mλ −= ⊂ ⊂ ⋅⋅ ⋅ ⊂ ⊂A A A AV  (30.43) 

 

where the inclusions are strictly proper and the dimensions of the subspaces change by at least one 
in each inclusion.  Thus (30.41) holds. 

 

The second part of the theorem can be proved as follows: If kλ  is a simple root of m , then 

k km g= , and, thus 2( ( )) ( ( )) ( )k k kK g K g λ= =A A V .  On the other hand, if kλ  is not a simple root 
of m , then km  is at least of second degree.  In this case kg  and 2

kg  are both divisors of m .  But 
since kg  is also a proper divisor of 2

kg , by Theorem 30.3, ( ( ))kK g A  is strictly a proper subspace 
of 2( ( ))kK g A , so that (30.42) cannot hold, and the proof is complete. 

 

The preceding three theorems show that for each eigenvalue kλ  of A , generally there are 
two nonzero A -invariant subspaces, namely, the eigenspace ( )kλV  and the subspace ( ( ))kK m A .  
For definiteness, let us call the latter subspace the characteristic subspace corresponding to kλ  and 
denote it ‘by the more compact notation ( )kλU .  Then ( )kλV  is a subspace of ( )kλU  in general, 
and the two subspaces coincide if and only if kλ  is a simple root of m .  Since kλ  is the only 
eigenvalue of the restriction of A  to ( )kλU , by the Cayley-Hamilton theorem we have also 

 

 ( ) (( ) )kd
k kKλ λ= −A IU  (30.44) 
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where kd  is the algebraic multiplicity of kλ , which is also the dimension of ( )kλU .  Thus we can 
determine the characteristic subspace directly from the characteristic polynomial of  A  by (30.44). 

 

Now if we define kP  to be the projection on ( )kλU  in the direction of the remaining 
( ),j j kλ ≠U , namely 

 
1

( ) ( ), ( ) ( )
L

k k k j
j
j k

R Kλ λ
=
≠

= = ⊕P PU U  (30.45) 

 

and we define kB  to be k kλ−A P  on ( )kλU  and 0  on ( ),j j kλ ≠U , then A  has the spectral 
decomposition by a direct sum 

 

 
1

( )
L

j j j
j

λ
=

= +∑A P B  (30.46) 

 

where 

 

 

2

1,...,

,   1j

j j

j j j j j

a
j j j

j L

a d

⎫=
⎪⎪= = =⎬
⎪

= ≤ ≤ ⎪⎭

P P

P B B P B

B 0

 (30.47) 

 

 , , 1,...,

,

j k

j k k j

j k

j k j k L

⎫=
⎪

= = ≠ =⎬
⎪= ⎭

P P 0

P B B P 0

B B 0

 (30.48) 

 

In general, an endomorphism B  satisfying the condition 

 

 a =B 0  (30.49) 
 

for some power a  is called nilpotent.  From (30.49) or from Theorem 30.9 the only eigenvalue of a 
nilpotent endomorphism is 0 , and the lowest power a satisfying (30.49) is an integer ,1a a N≤ ≤ , 
such that Nt  is the characteristic polynomial of B  and at  is the minimal polynomial of B .  In view 
of (30.47) we see that each endomorphism jB  in the decomposition (30.46) is nilpotent and can be 
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regarded also as a nilpotent endomorphism on ( )jλU .  In order to decompose A  further from 
(30.46) we must determine a spectral decomposition for each jB .  This problem is solved in 
general as follows. 

 

First, we recall that in Exercise  26.8 we have defined a nilcylic endomorphism C  to be a 
nilpotent endomorphism such that 

 

 1butN N−= ≠C 0 C 0  (30.50) 
 

Where N  is the dimension of the underlying vector space V .  For such an endomorphism we can 
find a cyclic basis { }1,..., Ne e  which satisfies the conditions 

 

 1 1
1 2 1 1, ,...,N N

N N
− −

−= = =C e 0 C e e Ce e  (30.51) 
 

or, equivalently 

 

 1 2
1 2 2 1, ,...,N N

N N N
− −

−= = =C e e C e e Ce e  (30.52) 
 

so that the matrix of C  takes the simple form (26.19).  Indeed, we can choose Ne  to be any vector 
such that 1N

N
− ≠C e 0 ;  then the set { }1,..., Ne e  defined by (30.52) is linearly independent and thus 

forms a cyclic basis for C .  Nilcyclic endomorphisms constitute only a special class of nilpotent 
endomorphisms, but in some sense the former can be regarded as the building blocks for the latter.  
The result is made precise by the following theorem. 

 

Theorem 30.12.  Let B  be a nonzero nilpotent endomorphism of V  in general, say B  satisfies the 
conditions 

 

 1buta a−= ≠B 0 B 0  (30.53) 
 

for some integer a  between 1  and N .  Then there exists a direct sum decomposition for V : 

 

 1 M= ⊕ ⋅⋅ ⋅⊕V V V  (30.54) 
 

and a corresponding direct sum decomposition for B  (in the sense explained in Section 24): 
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 1 M= + ⋅ ⋅ ⋅ +B B B  (30.55) 
 

such that each jB  is nilpotent and its restriction to jV  is nilcyclic.  The subspaces 1,..., MV V  in the 
decomposition (30.54) are not unique, but their dimensions are unique and obey the following 
rules:  The maximum of the dimension of 1,..., MV V  is equal to the integer a  in (30.53); the number 

aN  of subspaces among 1,..., MV V  having dimension a  is given by 

 

 1dim ( )a
aN N K −= − B  (30.56) 

 

More generally, the number bN  of subspaces among 1,..., MV V  having dimensions greater than or 
equal to b  is given by 

 

 1dim ( ) dim ( )b b
bN K K −= −B B  (30.57) 

 

for all 1,...,b a= .  In particular, when 1b = , 1N  is equal to the integer M  in (30.54), and (30.57) 
reduces to 

 

 dim ( )M K= B  (30.58) 
 

Proof. We prove the theorem by induction on the dimension of V .  Clearly, the theorem is valid 
for one-dimensional space since a nilpotent endomorphism there is simply the zero endomorphism 
which is nilcylic.  Assuming now the theorem is valid for vector spaces of dimension less than or 
equal to 1N − , we shall prove that the same is valid for vector spaces of dimension N . 

 

Notice first if the integer a  in (30.53) is equal to N , then B  is nilcyclic and the assertion is 
trivially satisfied with 1M = , so we can assume that 1 a N< < .  By (30.53)2, there exists a vector 

a ∈e V  such that 1a
a

− ≠B e 0 .  As in (30.52) we define 

 

 1
1 1,...,a

a a
−

−=B e e Be  (30.59) 
 

Then the set { }1,... ae e  is linearly independent. We put 1V  to ‘be the subspace generated by 

{ }1,... ae e .  Then by definition 1dim a=V , and the restriction of B  on 1V  is nilcyclic. 
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Now recall that for any subspace of a vector space we can define a factor space (cf. Section 
11).  As usual we denote the factor space of V  over 1V  by 1V V .  From the result of Exercise 11.5 
and (30.59), we have 

 

 1dim 1N a N= − < −V V  (30.60) 
 

Thus we can apply the theorem to the factor space 1V V .  For definiteness, let us use the notation 
of Section 11, namely, if ∈v V , then v  denotes the equivalence set of v  in 1V V .  This notation 
means that the superimposed bar is the canonical projection from V  to 1V V .  From (30.59) it is 
easy to see that 1V  is B -invariant.  Hence if u  and v  belong to the same equivalence set, so do 
Bu  and Bv .  Therefore we can define an endomorphism B  on the factor space 1V V , by 

 

 =Bv Bv  (30.61) 
 

for all ∈v V  or equivalently for all 1∈v V V ,  Applying  (30.60) repeatedly, we have also 

 

 k k=B v B v  (30.62) 
 

 

for all integers k .  In particular, B  is nilpotent and 

 

 a =B 0  (30.63) 
 

By the induction hypothesis we can then find a direct sum decomposition of the form 

 

 1 1 p= ⊕ ⋅⋅ ⋅⊕V V U U  (30.64) 
 

for the factor space 1V V  and a corresponding direct sum decomposition 

 

 1 p= + ⋅⋅ ⋅B F F  (30.65) 
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for B .  In particular, there are cyclic bases in the subspaces 1,..., pU U   for the nilcyclic 
endomorphisms which are the restrictions of 1, , , , , pF F  to the corresponding subspaces.  For 

definiteness, let { }1,..., bf f  be a cyclic basis in 1U , say 

 

 1
1 1, ,...,b b

b b b b
−

−= = =B f 0 B f f Bf f  (30.66) 
 

From (30.63), is necessarily less than or equal to a . 

 

From (30.66)1 and (30.62) we see that b
bB f  belongs to 1V  and, thus can be expressed as a 

linear combination of { }1,..., ae e , say 

 

 1
1 1 1 1( )b a

b a a a a aα α α α α−
−= + ⋅ ⋅ ⋅ + = + ⋅ ⋅ ⋅ + +B f e e B B I e  (30.67) 

 

Now there are two possibilities: (i) b
b =B f 0  or (ii) b

b ≠B f 0 .  In case (i) we define as before 

 

 1
1 1,...,b

b b b
−

−= =B f f Bf f  (30.68) 
 

Then { }1,..., bf f  is a linearly independent set in V , and we put 2V  to be the subspace generated by 

{ }1,..., bf f ,  On the other hand, in case (ii) from (30.53) we see that b  is strictly less than a ;  
moreover, from (30.67) we have 

 

 1
1 1 1( )a a a b

b a b a a a b a bα α α α− −
− + − += = + ⋅⋅ ⋅ + = + ⋅⋅ ⋅ +0 B f B B e e e  (30.69) 

 

which implies 

 

 1 0a b aα α− += = ⋅ ⋅ ⋅ = =  (30.70) 
 

or equivalently 

 

 1
1( )b a b

b a b aα α−
−= + ⋅ ⋅ ⋅ +B f B B e  (30.71) 

 

Hence we can choose another vector 'bf  in the same equivalence set of bf  by 
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 1
1 1 1' ( )a b

b b a b a b b a b aα α α α− −
− + −= − + ⋅⋅ ⋅ + = − − ⋅⋅ ⋅ −f f B I e f e e  (30.72) 

 

which now obeys the condition 'b
b =B f 0 , and we can proceed in exactly the same way as in case 

(i).  Thus in any case every cyclic basis { }1,..., bf f  for 1U  gives rise to a cyclic set { }1,..., bf f  in V . 

 

Applying this result to each one of the subspaces 1,..., pU U  we obtain cyclic sets { }1,..., bf f , 

{ }1,..., cg g ,…, and subspaces 2 1,..., p+V V  generated by them in V .  Now it is clear that the union of 

{ } { } { }1 1 1,..., , ,..., , ,...,a b ce e f f g g ,…, form a basis of V  since from (30.59), (30.60), and (30.64) 
there are precisely N  vectors in the union; further, if we have 

 

 1 1 1 1 1 1 a a b b c cα α β β γ γ+ ⋅ ⋅ ⋅ + + + ⋅ ⋅ ⋅ + + + ⋅⋅ ⋅ + + ⋅ ⋅ ⋅ =e e f f g g 0  (30.73) 
 

then taking the canonical projection to 1V V  yields 

 

 1 1 1 1 b b c cβ β γ γ+ ⋅ ⋅ ⋅ + + + ⋅ ⋅ ⋅ + + ⋅ ⋅ ⋅ =f f g g 0  
 

which implies 

 

 1 1 = b cβ β γ γ⋅ ⋅⋅ = = = ⋅ ⋅ ⋅ = = ⋅ ⋅ ⋅ = 0  
 

and substituting this result back into (30.73) yields 

 

 1 0aα α= ⋅⋅ ⋅ = =  
 

Thus V has a direct sum decomposition given by (30.54) with 1M p= +  and B  has a 
corresponding decomposition given by (30.55) where 1,..., MB B  have the prescribed properties. 

 

Now the only assertion yet to be proved is equation (30.57).  This result follows from the 
general rule that for any nilcylic endomorphism C  on a L-dimensional space we have 
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 1 1 for  1
dim ( ) dim( )

0 for  
k k k L

K
k L

− ≤ ≤⎧
− = ⎨ >⎩

C C  

 

Applying this rule to the restriction of jB  to V  for all 1,...,j M=  and using the fact that the 

kernel of kB  is equal to the direct sum of the kernel of the restriction of ( )k
jB  for all 1,...,j M= , 

prove easily that (30.57) holds.  Thus the proof is complete. 

 

In general, we cannot expect the subspaces 1,..., MV V  in the decomposition (30.54) to be 
unique.  Indeed, if there are two subspaces among 1,..., MV V  having the same dimension, say 

1 2dim dim a= =V V , then we can decompose the direct sum 1 2⊕V V  in many other ways, e.g., 

 

 1 21 2⊕ = ⊕V V V V  (30.74) 
 

and when we substitute (30.74) into (30.54) the new decomposition 

 

 1 2 3 N= ⊕ ⊕ ⊕⋅⋅ ⋅⊕V V V V V  
 

possesses exactly the same properties as the original decomposition (30.54).  For instance we can 
define 1V  and 2V  to be the subspaces generated by the linearly independent cyclic set { }1,..., ae e  

and { }1,..., af f , where we choose the starting vectors ae  and af  by 

 

 ,a a a a a aα β γ δ= + = +e e f f e f  
 

provided that the coefficient matrix on the right hand side is nonsingular. 

 

If we apply the preceding theorem to the restriction of kλ−A I  on kU , we see that the 
inequality (30.41) is the best possible one in general.  Indeed, (30.41)2 becomes an equality if and 
only if kU  has the decomposition 

 

 1k k kM= ⊕ ⋅⋅ ⋅⊕U U U  (30.75) 
 
where the dimensions of the subspaces 1,...,k kMU U  are 
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 1 2dim , dim dim 1k k k kMa= = ⋅⋅ ⋅ = =U U U  
 

If there are more than one subspaces among 1,...,k kMU U  having dimension greater than one, then 
(30.41)2 is a strict inequality. 

 

The matrix of the restriction of kλ−A I  to kU  relative to the union of the cyclic basis for 

1,...,k kMU U  has the form 

 

 

1

2

0

0

k

k

k

kM

A
A

A

A

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥
⎣ ⎦

 (30.76) 

 

where each submatrix kjA  in the diagonal of kA  has the form 

 

 

1 0
1

1
0

k

k

kj

k

A

λ
λ

λ

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥
⎣ ⎦

 (30.77) 

 

Substituting (30.76) into (24.5) yields the Jordan normal form for A : 
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11

12

2

0

0

( ) 0

0 M

A
A

M
A

A

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A  (30.78) 

 

The Jordan normal form is an important result since it gives a geometric interpretation of an 
arbitrary endomorphism of a vector space.  In general, we say that two endomorphisms A  and 'A  
are similar if the matrix of A  relative to a basis is identical to the matrix of 'A  relative to another 
basis.  From the transformation law (22.7), we see that A  and 'A  are similar if and only if there 
exists a nonsingular endomorphism T  such that 

 

 1'  −=A TAT  (30.79) 
 

Clearly, (30.79) defines an equivalence relation on ( ; )L V V .  We call the equivalence sets relative 
to (30.79) the conjugate subsets of ( ; )L V V .  Now for each ( ; )∈A L V V  the Jordan normal form 
of A  is a particular matrix of A  and is unique to within an arbitrary change of ordering of the 
various square blocks on the diagonal of the matrix.  Hence A  and 'A are similar if and only if 
they have the same Jordan normal form.  Thus the Jordan normal form characterizes the conjugate 
subsets of ( ; )L V V  

 

 

Exercises 
 

30.1 Prove Theorem 30.5. 

30.2 Prove the general case of Theorem 30.7. 

30.3 Let U  be an unitary endomorphism of an inner product space V .  Show that U  has a 
diagonal form. 

30.4 If V  is a real inner product space, show that an orthogonal endomorphism Q  in general 
does not have a diagonal form, but it has the spectral form 
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1 1

1 1

1

1 0
1

( )

1
cos sin

0 sin cos

cos sin
sin cos

L L

L L

M

θ θ
θ θ

θ θ
θ θ

⎡ ⎤
⎢ ⎥⋅⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥= ⎢ ⎥⋅
⎢ ⎥

−⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎢ ⎥
⎢ ⎥⋅⎢ ⎥

⋅⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥⎣ ⎦

Q

 

 

where the angles 1,..., Lθ θ  may or may not be distinct. 

30.5 Determine whether the endomorphism A  whose matrix relative to a certain basis is 

 

 
1 1 0

( ) 0 1 0
0 1 1

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥

−⎢ ⎥⎣ ⎦

A  

 

can have a diagonal matrix relative to another basis.  Does the result depend on whether the 
scalar field is real or complex? 

30.6 Determine the Jordan normal form for the endomorphism A  whose matrix relative to a 
certain basis is 

 

 
1 1 1

( ) 0 1 1
0 0 1

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

A  
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Chapter 7 
 
 
TENSOR ALGEBRA 
 
 

The concept of a tensor is of major importance in applied mathematics.  Virtually ever 
discipline in the physical sciences makes some use of tensors.  Admittedly, one does not always 
need to spend a lot of time and effort to gain a computational facility with tensors as they are 
used in the applications.  However, we take the position that a better understanding of tensors is 
obtained if we follow a systematic approach, using the language of finite-dimensional vector 
spaces.  We begin with a brief discussion of linear functions on a vector space. Since in the 
applications the scalar field is usually the real field, from now on we shall consider real vector 
spaces only. 

 

Section 31.  Linear Functions, the Dual Space 
 

Let V  be a real vector space of dimension .N   We consider the space of linear functions 
( );L V R  from V  into the real numbers .R   By Theorem 16.1, ( ); dim =N=L V R V .  Thus 

V and ( );L V R are isomorphic.  We call ( );L V R  the dual Space of ,V  and we denote it by 

the special notation ∗V .  To distinguish elements of V  from those of ∗V , we shall call the 
former elements vectors and the latter elements covectors.  However, these two names are 
strictly relative to each other.  Since ∗V  is a N-dimensional vector space by itself, we can apply 
any result valid for a vector space in general to ∗V  as well as to .V   In fact, we can even define 
a dual space ( )∗∗V  for ∗V  just as we define a dual space ∗V  for .V   In order not to introduce 

too many new concepts at the same time, we shall postpone the second dual space ( )∗∗V  until the 

next section.  Hence in this section V  shall be a given N-dimensional space and ∗V  shall denote 
its dual space.  As usual, we denote typical elements of V by , , ,…u v w .  Then the typical 
elements of ∗V are denoted by , , ,...* * *u v w .  However, it should be noted that the asterisk here is 
strictly a convenient notation, not a symbol for a function from V to ∗V .  Thus ∗u  is not related 
in any particular way to .u   Also, for some covectors, such as those that constitute a dual basis to 
be defined shortly, this mutation becomes rather cumbersome.  In such cases, the notation is 
simply abandoned.  For instance, without fear of ambiguity we denote the null covector in ∗V  by 
the same notation as the null vector in ,V  namely ,0  instead of ∗0 . 

If ,∗ ∗∈v V  then ∗v  is a linear function fromV  to R , i.e., 

 

:∗ →v V R  
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such that for any vectors , ,∈u v V  and scalars , ,α β ∈R  

 

( ) ( ) ( )α β α β∗ ∗ ∗+ = +v u v v u v v  
 

Of course, the linear operations on the right hand side are those of R  while those on the left hand 
side are linear operations in .V   For a reason the will become apparent later, it is more 
convenient to denote the value of ∗v  at v  by the notation ,∗v v .  Then the bracket  ,   
operation can be viewed as a function 

 

 ,  : ∗ × →V V R  
 

It is easy to verify that this operation has the following properties: 

 

 

*

( ) , , ,

( ) , , ,

( ) For any given , ,  vanishes for all  if and only if * .

( ) Similarly, for any given , ,  vanishes for all *  if and only if .

i

ii

iii

iv

α β α β

α β α β

∗ ∗ ∗ ∗

∗ ∗ ∗

∗

∗

+ = +

+ = +

∈ =

∈ =

v u v v v u v

v u v v u v v

v v v v v 0

v v v v v 0

V

V

(31.1) 

 

The first two properties define ,  to be a bilinear operation on ∗ ×V V , and the last two 

properties define ,  to be a definite operation.  These properties resemble the properties of an 

inner product, so that we call the operation ,  the scalar product.  As we shall see, we can 
define many concepts associated with the scalar product similar to corresponding concepts 
associated with an inner product.  The first example is the concept of the dual basis, which is the 
counterpart of the concept of the reciprocal basis. 

 

If { }1, Ne e…  is a basis for V , we define it dual basis to be a basis { }1, Ne e… for ∗V such 
that  

 

 ,j j
i iδ=e e  (31.2) 
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for all , 1, , .i j N= …   The reader should compare this condition with the condition (14.1) that 
defines the reciprocal basis.  By exactly the same argument as before we can prove the following 
theorem. 

 

Theorem 31.1.  The dual basis relative to a given basis exists and it unique. 

 

Notice that we have dropped the asterisk notation for the covector je  in a dual basis; the 
superscript alone is enough to distinguish { }1, Ne e…  from  { }1, .Ne e…   However, it should be 

kept in mind that, unlike the reciprocal basis, the dual basis is a basis for ,∗V not a basis for .V   
In particular, it makes no sense to require a basis be the same as its dual basis.  This means the 
component form of a vector ∈v V  relative to a basis { }1, Ne e… , 

 

 i
iv=v e  (31.3) 

 

must never be confused with the component form of a covector ∗ ∗∈v V  relative to the dual 
basis, 

 

 i
iv∗ =v e  (31.4) 

 

In order to emphasize the difference of these two component forms, we call iv  the contravariant 
components of v and iv  the covariant components of .∗v   A vector has contravariant 
components only and a covector has covariant components only.  The terminology for the 
components is not inconsistent with the same terminology defined earlier for an inner product 
space, since we have the following theorem. 

 

Theorem 31.2.  Given any inner product on ,V  there exists a unique isomorphism  

 

 : ∗→G V V  (31.5) 

 

which is induced by the inner product in such a way that 

 

 , , ,= ⋅ ∈Gv w v w v w V  (31.6) 
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Under this isomorphism the image of any orthonormal basis { }1, , Ni i…  is the dual basis 

{ }1, , Ni i… , namely 

 

 , 1, ,k
k k N= =Gi i …  (31.7) 

 

and, more generally, if { }1, Ne e…  is an arbitrary basis, then the image of its reciprocal basis 

{ }1, Ne e… , is the dual basis { }1, ,Ne e…  namely 

 

 , 1, ,k k k N= =Ge e …  (31.8) 

 

Proof.  Since we now consider only real vector spaces and real inner product spaces, the right-
hand side of (31.6), clearly, is a linear function of w  for each .∈v V   Thus G  is well defined by 
the condition (31.6).  We must show that G is an isomorphism.  The fact that G  is a linear 
transformation is obvious, since the right-hand side of (31.6) is linear in v  for each .∈w V   
Also, G  is one-to-one because, from (31.6), if ,=Gu Gv  then ⋅ = ⋅u w v w for all w  and thus 

.=u v   Now since we already know that dim dim ∗=V V , any one-to-one linear transformation 
from V  to ∗V  is necessarily onto and hence an isomorphism.  The proof of (31.8) is obvious, 
since by the definition of the reciprocal basis we have 

 

 , , 1, ,i i
j j i j Nδ⋅ = =e e …  

 

and by the definition of the dual basis we have 

 

 , , , 1, ,i i
j j i j Nδ= =e e …  

 

Comparing these definitions with (31.6), we obtain 
 
 , , , 1, ,i i

j j i j N= = =Ge e e e …  

 
which implies (31.8) because { }1, Ne e… is a basis of .V  
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Because of this theorem, if a particular inner product is assigned on ,V  then we can 
identify V with ∗V  by suppressing the notation for the isomorphisms G and 1.−G   In other 
words, we regard a vector v  also as a linear function on :V  

 

 , ≡ ⋅v w v w  (31.9) 

 

According to this rule the reciprocal basis is identified with the duel basis and the inner product 
becomes the scalar product.  However, since a vector space can be equipped with many inner 
products, unless a particular inner product is chosen, we cannot identify V  with ∗V  in general. 
In this section, we shall not assign any particular inner product in ,V so V  and ∗V are different 
vector spaces. 

 

We shall now derive some formulas which generalize the results of an inner product 
space to a vector space in general.  First, if ∈v V  and ∗ ∗∈v V  are arbitrary, then their scalar 
products ,∗v v  can be computed in component form as follows:  Choose a basis { }ie  and its 

dual basis { }ie for V  and ,∗V  respectively, so that we can express and ∗v v  in component form 
(31.3) and (31.4).  Then from (31.1) and (31.2) we have 

 

 , , ,i j j i j i i
i j i j i j iv v v v v v v vδ∗ = = = =v v e e e e  (31.10) 

 

which generalizes the formula (14.16).  Applying (31.10) to ,i∗ =v e  we obtain 

 

 ,i iv=e v  (31.11) 

 

which generalizes the formula (14.15)1; similarly applying (31.10) to ,j=v e  we obtain 

 

 , i iv∗ =v e  (31.12) 

 

which generalizes the formula (14.15)2 
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Next recall that for inner product spaces V and U we define the adjoint ∗A of a linear 
transformation : →A V U  to be a linear transformation :∗ →A U V such that the following 
condition [cf.(18.1)] is satisfied: 

 

 , ,∗⋅ = ⋅ ∈ ∈u Av A u v u vU V  

 

If we do not make use of any inner product, we simply replace this condition by  

 

 , , , ,∗ ∗ ∗ ∗ ∗= ∈ ∈u Av A u v u vU V  (31.13) 

 

then ∗A  is a linear transformation from to ,∗ ∗U V  

 

 :∗ ∗ ∗→A U V  

 

and is called the dual of .A   By the same argument as before we can prove the following 
theorem. 

 

Theorem 31.3.  For every linear transformation : →A V U  there exists a unique dual 
:∗ ∗ ∗→A U V  satisfying the condition (31.13). 

 

If we choose a basis { }1, Ne e…  for V and a basis { }1, , Mb b…  for U  and express the 

linear transformation A  by (18.2) and the linear transformation  ∗A  by (18.3), where { }αb  and 

{ }ke  are now regarded as the dual bases of { }αb  and { },ke  respectively, then (18.4) remains 
valid in the more general context, except hat we now have 

 

 k kA Aα α∗ =  (31.14) 

 

since we no longer consider complex spaces.  Of course, the formulas (18.5) and (18.6) are now 
replace by 

 

 , k kAα α=b Ae  (31.15) 
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and 

 

 , k kAα α∗ ∗=A b e  (31.16) 

 

respectively. 

 

For an inner product space the orthogonal complement of a subspace ofU V  is a 
subspace ⊥U  given by [cf.(13.2)] 

 

 { }0 for all⊥ = ⋅ = ∈v u v uU U  

 

By the same token, if V  is a vector space in general, then we define the orthogonal complement 
of U  to be the subspace of⊥ ∗U V given by 

 

 { }, 0 for all⊥ ∗ ∗= = ∈v v u uU U  (31.17) 

 

In general if ∈v V and ∗ ∗∈v V  are arbitrary, then and ∗v v  are said to be orthogonal  to each 
other if , 0.∗ =v v   We can prove the following theorem by the same argument used previously 
for inner product spaces. 

Theorem 31.4.  If U  is a subspace of ,V  then 

 
 dim dim dim⊥+ =U U V  (31.18) 

 
However, V  is no longer the direct sum of and ⊥U U since ⊥U  is a subspace of ,∗V  not a 
subspace of .V  

 

Using the same line of reasoning, we can generalize Theorem 18.3 to the following. 

 

Theorem 31.5.  If : →A V U  is a linear transformation, then 
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 ( ) ( )K R ⊥∗ =A A  (31.19) 

 
and 

 

 ( ) ( )K R
⊥∗=A A  (31.20) 

 

Similarly, we can generalize Theorem 18.4 to the following. 
 
Theorem 31.6.  Any linear transformation A and its dual ∗A have the same rank. 
 
 Finally, formulas for transferring from one basis to another basis can be generalized from 
inner product spaces to vector spaces in general.  If { }1, Ne e… and { }1ˆ ˆ, Ne e… are bases for ,V  
then as before we can express one basis in component form relative to another, as shown by 
(14.17) and (14.18).  Now suppose that { }1, Ne e… and { }1ˆ ˆ, Ne e… are the dual bases of { }1, Ne e…  

and{ }1ˆ ˆ, Ne e… , respectively.  Then it can be verified easily that  
 
 ˆˆ ˆ,q q k q q k

k kT T= =e e e e  (31.21) 

 
where q

kT and ˆ q
kT  are defined by (14.17) and (14.18), i.e., 

 
 ˆ ˆ ˆ,q q

k k q k k qT T= =e e e e  (31.22) 

 
From these relations if ∈v V  and ∗ ∗∈v V  have the component forms (31.3) and (31.4) relative 
to { }ie and { }ie and the component forms 
 
 ˆ ˆi

iυ=v e  (31.23) 

 
and 
 
 ˆ ˆ i

iυ
∗ =v e  (31.24) 

 
relative to { }ˆ ie and { }ˆ ,ie respectively, then we have the following transformation laws: 
 
 ˆ k

q q kTυ υ=  (31.25) 
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 ˆˆq q k
kTυ υ=  (31.26) 

 
 ˆ ˆk k q

qTυ υ=  (31.27) 

 
and 
 
 ˆ ˆq

k k qTυ υ=  (31.28) 

 
which generalize the formulas (14.24)-(14.27), respectively. 
 
 
Exercises 
 
31.1 If : →A V U  and : →B U W are linear transformations, show that 
 

( )∗ ∗ ∗=BA A B  
 
31.2 If : →A V U and : →B V U are linear transformations, show that  
 

( )α β α β∗ ∗ ∗+ = +A B A B  
 
and that 
 

∗ = ⇔ =A 0 A 0  
 

These two conditions mean that the operation of taking the dual is an isomorphism 
( ) ( ): ; ;∗ ∗∗ →L V U L U V . 

31.3 : →A V U is an isomorphism, show that :∗ ∗ ∗→A U V is also an isomorphism; 
moreover, 

 

( ) ( ) 11 ∗ −− ∗=A A  
 
31.4 If V has the decomposition 1 2= ⊕V U U  and if : →P V V  is the projection of V on 

1U along 2,U show that ∗V has the decomposition 1 2
∗ ⊥ ⊥= ⊕V U U and that  :∗ ∗ ∗→P V V is 

the projection of ∗V on 2
⊥U along 1 .⊥U  

31.5 If 1 2andU U are subspaces of ,V show that 
 

( ) ( )1 2 1 2 1 2 1 2and⊥ ⊥ ⊥ ⊥ ⊥ ⊥+ = = +U U U U U U U U∩ ∩  
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31.6 Show that the linear transformation : ∗→G V V defined in Theorem 31.2 obeys the 

condition 
 

, ,=Gv w Gw v  
 
31.7 Show that an inner product on ∗V is induced by an inner product on V by the formula 
 
 1 1∗ ∗ − ∗ − ∗⋅ ≡ ⋅v w G v G w  (31.29) 

 
whereG is the isomorphism defined in Theorem 31.2. 

31.8 If { }ie is a basis for V and { }ie is its dual basis in ,∗V show that { }iGe is the reciprocal 

basis of { }ie with respect to the inner product on ∗V defined by (31.29) in the preceding 
exercise. 
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Section 32.  The Second Dual space, canonical Isomorphisms  
 

In the preceding section we defined the dual space ∗V of any vector space V to be the 
space of linear functions ( );L V R from V to .R   By the same procedure we can define the dual 

space ( ) of
∗∗ ∗V V by 

 
 ( ) ( ) ( )( ); ; ;

∗∗ ∗= =V L V R L L V R R  (32.1) 

 
For simplicity let us denote this space by ∗∗V , called the second dual space of .V  Of course, the 
dimension of ∗∗V is the same as that of ,V namely 
 
 dim dim dim∗ ∗∗= =V V V  (32.2) 

 
Using the system of notation introduced in the preceding section, we write a typical element of 

∗∗V  by .∗∗v   Then ∗∗v is a linear function on ∗V  
 
 :∗∗ ∗ →v V R  

 
Further, for each ∗ ∗∈v V  we denote the value of ∗∗V at ∗v by , .∗∗ ∗v v  The , operation is now 

a mapping from ∗∗ ∗×V V to R and possesses the same four properties given in the preceding 
section. 
 

Unlike the dual space ,∗V the second dual space ∗∗V can always be identified as 
V without using any inner product. The isomorphism 
 
 : ∗∗→J V V  (32.3) 

 
is defined by the condition 
 
 , , , ,   ∗ ∗ ∗ ∗= ∈ ∈Jv v v v v vV V  (32.4) 

 
Clearly, J is well defined by (32.4) since for each ∈v V the right-hand side of (32.4) is a linear 
function of .∗v   To see that J is an isomorphism, we notice first that J is a linear transformation, 
because for each ∗ ∗∈v V the right-hand side is linear in .v   Now J also one-to-one, since if 

,=Jv Ju then (32.4) implies that  
 
 , , ,∗ ∗ ∗ ∗= ∈v v v u v V  (32.5) 
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which then implies .=u v   From (32.2), we conclude that the one-to-one linear transformation J  
is onto, and thus J  is an isomorphism.  We summarize this result in the following theorem. 
 
Theorem 32.1.  There exists a unique isomorphism J  from to ∗∗V V satisfying the condition 
(32.4). 
 

Since the isomorphism J is defined without using any structure in addition to the vector 
space structure on ,V its notation can often be suppressed without any ambiguity.  We shall 
adopt such a convention here and identify any ∈v V as a linear function on ∗V  
 

: ∗ →v V R  
 
by the condition that defines J , namely  
 
 , , , for all∗ ∗ ∗ ∗= ∈v v v v v V  (32.6) 

 
In doing so, we allow the same symbol v  to represent two different objects: an element of the 
vector space V and a linear function on the vector space ,∗V and the two objects are related to 
each other through the condition (32.6). 
 

To distinguish an isomorphism such as ,J whose notation may be suppressed without 
causing any ambiguity, from an isomorphism such as ,G defined by (31.6), whose notation may 
not be suppressed, because there are many isomorphisms of similar nature, we call the former 
isomorphism a canonical or natural isomorphism.  Whether or not an isomorphism is canonical 
is usually determined by a convention, not by any axioms.  A general rule for choosing a 
canonical isomorphism is that the isomorphism must be defined without using any additional 
structure other than the basic structure already assigned to the underlying spaces; further, by 
suppressing the notation of the canonical isomorphism no ambiguity is likely to arise.  Hence the 
choice of a canonical isomorphism depends on the basic structure of the vector spaces.  If we 
deal with inner product spaces equipped with particular inner products, the isomorphism G can 
safely be regarded as canonical, and by choosing G to be canonical, we can achieve much 
economy in writing.  On the other hand, if we consider vector spaces without any pre-assigned 
inner product, then we cannot make all possible isomorphisms G canonical, otherwise the 
notation becomes ambiguous. 
 

It should be noticed that not every isomorphism whose definition depends only on the 
basis structure of the underlying space can be made canonical.  For example, the operation of 
taking the dual: 
 

( ) ( ): ; ;∗ ∗∗ →L V U L U V  
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is defined by using the vector space structure of and V U only.  However, by suppressing the 
notation ,∗  we encounter immediately much ambiguity, especially when U is equal to .V  
Surely, we do not wish to make every endomorphism : →A V V self-adjoint!  Another example 
will illustrate the point even clearer.  The operation of taking the opposite vector of any vector is 
an isomorphism 
 

:− →V V  
 
which is defined by using the vector space structure alone.  Evidently, we cannot suppress the 
minus sign without any ambiguity. 
 

To test whether the isomorphism J can be made a canonical one without any ambiguity, 
we consider the effect of this choice on the notations for the dual basis and the dual of a linear 
transformation.  Of course we wish to have { },ie when considered as a basis for ,∗∗V to be the 

dual basis of { },ie and ,A when considered as a linear transformation from ∗∗V  to ∗∗U , to be the 

dual of .∗A   These results are indeed correct and they are contained in the following. 
 
Theorem 32.2.  Given any basis { }ie for ,V then the dual basis of its dual basis { }ie is { }.iJe  
 
Proof. This result is more or less obvious. By definition, the basis { }ie and its dual basis { }ie are 
related by 
 
 ,i i

j jδ=e e  

 
for , 1, , .i j N= …   From (32.4) we have 
 
 , ,i i

j j=Je e e e  

 
Comparing the preceding two equations, we see that 
 
 , i i

j jδ=Je e  

 
which means that { }1, , NJe Je…  is the dual basis of { }1, .Ne e…  
 

Because of this theorem, after suppressing the notation for J  we say that { } { }and j
ie e are 

dual relative to each other.  The next theorem shows that the relation holds between and .∗A A  
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Theorem 32.3.  Given any linear transformation : ,→A V U the dual of its dual ∗A  is -1J AJU V .  
Here JV denotes the isomorphism from V to ∗∗V defined by (32.4) and JU denotes the 
isomorphism from to ∗∗U U defined by a similar condition. 
 
Proof. By definition A and ∗A are related by (31.13) 
 

, ,∗ ∗ ∗=u Av A u v  
 
for all , .∗ ∗∈ ∈u vU V   From (32.4) we have 
 

, , , , ,∗ ∗ ∗ ∗ ∗ ∗= =u Av J Av u A u v J v A uU V  
 
Comparing the preceding three equations, we see that 
 
 ( )-1 , ,∗ ∗ ∗=J AJ J v u J v A uU V V V  

 

Since JV is an isomorphism, we can rewrite the last equation as 
 
 -1 , ,∗∗ ∗ ∗∗ ∗ ∗=J AJ v u v A uU V  

 
Because ∗∗ ∗∗∈v V and ∗ ∗∈u U are arbitrary, it follows that -1J AJU V is the dual of .∗A   So if we 
suppress the notations for and ,J JU V then and ∗A A are the duals relative to each other. 
 

A similar result exists for the operation of taking the orthogonal complement of a 
subspace; we have the following result. 
 
Theorem 32.4.  Given any subspace of ,U V the orthogonal complement of its orthogonal 
complement ⊥U  is ( )J U . 
 

We leave the proof of this theorem as an exercise.  Because of this theorem we say that 
and ⊥U U are orthogonal to each other.  As we shall see in the next few sections, the use of 

canonical isomorphisms, like the summation convention, is an important device to achieve 
economy in writing.  We shall make use of this device whenever possible, so the reader should 
be prepared to allow one symbol to represent two or more different objects. 
 

The last three theorems show clearly the advantage of making J a canonical 
isomorphism, so from now on we shall suppress the symbol for J .  In general, if an isomorphism 
from a vector space V to a vector space U is chosen to be canonical, then we write 
 



Sec. 32 • Second Dual Space, Canonical Isomorphism 217 

 ≅V U  (32.7) 

 
In particular, we have 
 
 ∗∗≅V V  (32.8) 

 
 
Exercises 
 
32.1 Prove theorem 32.4. 
32.2 Show that by making J a canonical isomorphism essentially we have identified V  with 

, , ,∗∗ ∗∗∗∗V V …  and ∗V  with , ,∗∗∗ ∗∗∗∗V V … .  So a symbol or ,∗v v in fact, represents 
infinitely many objects. 
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Section 33.  Multilinear Functions, Tensors 
 

In Section 31 we discussed the concept of a linear function and the concept of a bilinear 
function.  These concepts can be generalized in an obvious way to multilinear functions.  In 
general if 1, , ,s…V V is a collection of vector spaces, then a s-linear function is a function 
 
 1: s× × →A V V R"  (33.1) 

 
that is linear in each of its variables while the other variables are held constant.  If the vector 
spaces 1, , ,s…V V are the vector space V or its dual space ,∗V  then A is called a tensor on .V   
More specifically, a tensor of order (p, q) on ,V where andp q are positive integers, is a (p+q)-
linear function 
 
 

times times

* *
p q

× × × × × →V V V V R" "���	��
 ��	�
  (33.2) 

 
We shall extend this definition to the case 0p q= =  and define a tensor of order ( )0,0 to be a 

scalar in .R  A tensor of order ( ),0p is a pure contravariant tensor of order p and a tensor of 

order ( )0,q is a pure covariant tensor of order .q   In particular, a vector ∈v V is a pure 
contravariant tensor of order one.  This terminology, of course, is defined relative to a given 
vector space V as we have explained in Section 31.  If a tensor is not a pure contravariant tensor 
or a pure covariant tensor, then it is a mixed tensor, and for a mixed tensor of order ( ), ,p q p is 
the contravariant order and q is the covariant order. 
 

For definiteness, we denote the set of all tensors of order ( ),p q on V by the symbol 

( )p
qT V .  However, the set of pure contravariant tensors of order p shall be denoted simply by 

( )pT V and the set of pure covariant tensors of order q shall be denoted simply ( )qT V .  Of 

course, tensors of order ( )0,0 form the set R and 
 
 ( ) ( )1

1, ∗= =T V V T V V  (33.3) 

 
Here we have made use of the identification of with ∗∗V V as explained in Section 32. 
 

We shall now give some examples of tensors. 
 

Example 1.  If A is an endomorphism of ,V then we define a function ˆ : ∗ × →A V V R by 
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 ( )ˆ , ,∗ ∗≡A v v v Av  (33.4) 

 
for all and .∗ ∗∈ ∈v vV V  Clearly Â is bilinear and thus ( )1

1
ˆ .∈A T V   As we shall see later, it is 

possible to establish a canonical isomorphism from ( ),L V V to ( )1
1T V in such a way that the 

endomorphism A is identified with the bilinear function ˆ .A   Then the same symbol A shall 
represent two objects, namely, an endomorphism of V and a bilinear function of .∗ ×V V   Then 
(33.4) becomes simply 
 
 ( ), ,∗ ∗≡A v v v Av  (33.5) 

 
Under this canonical isomorphism, the identity automorphism of V is identified with the scalar 
product, 
 
 ( ), , ,∗ ∗ ∗= =I v v v Iv v v  (33.6) 

 
Example 2.  If v is a vector in and ∗vV is a covector in ,∗V  then we define a function 
 
 :∗ ∗⊗ × →v v V V R  (33.7) 

 
by 
 
 ( ), , ,∗ ∗ ∗ ∗⊗ ≡v v u u u v v u  (33.8) 

 
for all , .∗ ∗∈ ∈u uV V   Clearly, ∗⊗v v is a bilinear function, so ( )1

1 .∗⊗ ∈v v T V   If we make 

use of the canonical isomorphism to be established between ( )1
1T V and ( ); ,L V V  the tensor 

∗⊗v v  corresponds to an endomorphism of V such that 
 
 ( ), ,∗ ∗ ∗ ∗⊗ = ⊗v v u u u v v u  

 
or equivalently 
 
 , , ,∗ ∗ ∗ ∗= ⊗u v v u u v v u  

 
for all , .∗ ∗∈ ∈u uV V   By the bilinearity of the scalar product, the last equation can be rewritten 
in the form 
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 , , ,∗ ∗ ∗ ∗= ⊗u v u v u v v u  

 
Then by the definiteness of the scalar product, we have 
 
 *, , for all∗ = ⊗ ∈v u v v v u u V  (33.9) 

 
which defines ∗⊗v v as an endomorphism of .V   The tensor or the endomorphism ∗⊗v v is 
called the tensor product of and .∗v v  
 

Clearly, the tensor product can be defined for arbitrary number of vectors and covectors.  
Let 1, , p…v v be vectors in V  and 1, , qv v…  be covectors in .∗V   Then we define a function 
 
 1

1
times times

: * *q
p

p q

⊗ ⊗ ⊗ ⊗ ⊗ × × × × × →v v v v V V V V R" " " "���	��
 ��	�
  

 
by 
 

 
( )1 1

1 1

1 1
1 1

, , , , ,

, , , ,

q p
p q

p q
p q

⊗ ⊗ ⊗ ⊗ ⊗

≡

v v v v u u u u

u v u v v u v u

" " … …

" "
 (33.10) 

 
for all 1, , q ∈u u V…  and 1, , q ∗∈u u V… .  Clearly this function is ( )p q+ − linear, so that 

( )1
1

q p
p q⊗ ⊗ ⊗ ⊗ ⊗ ∈v v v v T V" " , is called the tensor product of 1

1, , and , , .q
pv v v v… …  

 
Having seen some examples of tensors on ,V we turn now to the structure of the set 

( )p
qT V .  We claim that ( )p

qT V  has the structure of a vector space and the dimension of 

( )p
qT V  is equal to ( )p qN + , where N is the dimension of .V   To make ( )p

qT V a vector space, 

we define the operation of addition of any ( ), p
q∈A B T V and the scalar multiplication of A by 

α ∈R by 
 

 
( )( )

( ) ( )

1
1

1 1
1 1

, , , ,

, , , , , , , ,

p
q

p p
q q

+

≡ +

A B v v v v

A v v v v B v v v v

… …

… … … …
 (33.11) 

 
and 
 
 ( )( ) ( )1 1

1 1, , , , , , , ,p p
q qα α≡A v v v v A v v v v… … … …  (33.12) 
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respectively, for all 1, , p ∗∈v v V…  and 1, , q ∈v v V… .  We leave as an exercise to the reader the 
proof of the following theorem. 
 
Theorem 33.1.  ( )p

qT V is a vector space with respect to the operations of addition and scalar 

multiplication defined by (33.11) and (33.12).  The null element of ( )p
qT V ,of course, is the 

zero tensor :0  
 
 ( )1

1, , , , , 0p
q =0 v v v v… …  (33.13) 

 

for all 1, ,  p ∗∈v v V… and 1, , q ∈v v V… . 
 

Next, we determine the dimension of the vector space ( )p
qT V  by introducing the 

concept of a product basis. 
 
Theorem 33.2.  Let { } { }and i

ie e be dual bases for and .∗V V   Then the set of tensor products 
 

 { }1
1 11

, , , , , , 1, ,
ij q

i i p qp
i i j j N⊗ ⊗ ⊗ ⊗ ⊗ =e e e e" " … … …  (33.14) 

 
forms a basis for ( )p

qT V , called the product basis.  In particular, 
 
 ( ) ( )dim p qp

q N +=T V  (33.15) 

 
Proof.  We shall prove that the set of tensor products (33.14) is a linearly independent generating 
set for ( )p

qT V .  To prove that the set (33.14) is linearly independent, let 
 
 

,...,1 1
,...,1 1

i i ijp q
j j i iq p

A ⊗ ⊗ ⊗ ⊗ ⊗ =e e e e 0" "  (33.16) 

 
where the right-hand side is the zero tensor given by (33.13).  Then from (33.10) we have 
 

 

( )1 1
1 1 1

... 1 11
1 11

... ...1 11 1
1 1 1 1

0 , , , , ,

, , , ,

i i j j kkp q q p
j j i i l lq p q

jk jki i p qp
i i l lj j p qq

i i k j k kk jp p q p
j j i i l l l lq p q q

A

A

A Aδ δ δ δ

= ⊗⋅⋅⋅⊗ ⊗ ⊗⋅⋅⋅⊗

= ⋅⋅⋅

= ⋅⋅⋅ ⋅⋅ ⋅ =

e e e e e e e e

e e e e e e e e

…
…

…

… …

… …

"  (33.17) 
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which shows that the set (33.14) is linearly independent.  Next, we show that every tensor 
( )p

q∈A T V can be expressed as a linear combination of the set (33.14).  We define 
( )p qN + scalars { }1

1

...
... 1 1, ... , 1, ,p

q

i i
j j p qA i i j j N=… … by 

 
 ( )1 1

1 1
, , , , ,p p

j jq q

i i ii
j jA = A e e e e…

… … …  (33.18) 

 
Now we reverse the steps of equation (33.17) and obtain 
 

 
( )

( )
1 1 1

1 1 1

1

1

, , , ,

, , , ,

p q p
j jq p q

p

q

i i j kj k
i i l l

kk
l l

A ⊗ ⊗ ⊗ ⊗ ⊗

=

e e e e e e e e

A e e e e

…
… " " … …

… …
 (33.19) 

 
for all 1 1, , , , , 1, ,p qk k l l N=… … … .  Since A is multilinear and since { }ie and { }ie are dual bases 

for and ,∗V V the condition (33.19) implies that 
 

 
( )

( )

1 1

1 1

1
1

1
1

, , , ,

, , , ,

p q
j j pq

i i jj p
i i q

p
q

A ⊗ ⊗ ⊗ ⊗ ⊗ …

=

e e e e v v v v

A v v v v

…
… " " …

… …
 

 
for all 1, , q ∈v v V…  and 1, , p ∗∈v v V…  and thus 
 
 1 1

1 1

p q
j jq p

i i jj
i iA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e…

… " "  (33.20) 

 
Now from Theorem 9.10 we conclude that the set (33.14) is a basis for ( )p

qT V . 
 

Having determined the dimension of ( )p
qT V , we can now prove that ( )1

1T V is 

isomorphic to ( );L V V , a result mentioned in Example 1.  As before we define the operation 
 
 ( ) ( )1

1: ; →L V V T V�  

 
by the condition (33.4).  Since from (16.8) and (33.15), the vector space ( );L V V  and ( )1

1T V  

are of the same dimension, namely 2,N it suffices to show that the operation �  is one-to-one.  
Indeed, let ˆ .=A 0   Then from (33.13) and (33.4) we have 
 
 , 0∗ =v Av  
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for all ∗ ∗∈v V and all .∈v V   Now since the scalar product is definite, this condition implies 
 
 =Av 0  

 
for all ,∈v V and thus .=A 0   Consequently the operation �  is an isomorphism. 
 

As remarked in Example 1, we shall suppress the notation �  by regarding the 
isomorphism it represents as a canonical one.  Therefore, we can replace the formula (33.4) by 
the formula (33.5). 
 

Now returning to the space ( )p
qT V in general, we see that a corollary of Theorem 33.2 is 

the simple fact that the set of all tensor products of the form (33.10) is a generating set for 
( )p

qT V .  We define a tensor that can be represented as a tensor product to be a simple tensor.  It 
should be noted, however, that such a representation for a simple tensor is not unique.  Indeed, 
from (33.8), we have 
 

 ( ) 12
2

∗ ∗⎛ ⎞⊗ = ⊗⎜ ⎟
⎝ ⎠

v v v v  

 
for any ∈v V and ∗ ∗∈v V since 
 

 
( ) ( )

( )

1 12 , ,2 ,
2 2

, , ,

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

⎛ ⎞⊗ =⎜ ⎟
⎝ ⎠

= = ⊗

v v u u u v v u

u v v u v v u u
 

 
for all and .∗u u   In general, the tensor product, as defined by (33.10), can be regarded as a 
mapping 
 
 ( )

times times

: p
q

p q

∗ ∗⊗ × × × × × →V V V V T V" "��	�
 ��	�
  (33.21) 

 
given by 
 
 ( )1 1

1 1: , , , , , q q
p p⊗ = ⊗ ⊗ ⊗ × ⊗v v v v v v v v" " " "  (33.22) 

 
for all 1, , p ∈v v V…  and 1, , q ∗∈v v V… .  It is easy to verify that the mapping ⊗ is multilinear in 
the usual sense, i.e., 
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( ) ( )

( )
1 1

1

, , , , , , , ,

, , , ,

q q

q

α β α

β

⊗ + = ⊗

+ ⊗

v v u v v v v

v u v

" … " …

" …
 (33.23) 

 
where α β+v u , v  and u  all take the same position in the argument of ⊗  but that position is 
arbitrary.  From (33.23), we see that 
 

 
( )

( )

1
1 2

1
1 2

q
p

q
p

α

α

⊗ ⊗ ⊗ ⊗ ⊗ ⊗

= ⊗ ⊗ ⊗ ⊗ ⊗ ⊗

v v v v v

v v v v v

" "

" "
 

 
We can extend the operation of tensor product from vectors and covectors to tensors in general.  
If ( )p

q∈A T V  and ( )r
s∈B T V , then we define their tensor product ⊗A B to be a tensor of 

order ( ),p r q s+ + by 
 

 
( )

( ) ( )

1
1

1 1
1 1

, , , ,

, , , , , , , , ,

p r
q s

p p p r
q q q s

+
+

+ +
+ +

⊗

=

A B v v v v

A v v v v B v v v v

… …

… … … …
 (33.24) 

 
for all 1, , p r+ ∗∈v v V…  and 1, , q s+ ∈v v V… .  Applying this definition to arbitrary tensors 

andA B  yields a mapping 
 
 ( ) ( ) ( ): p r p r

q s q s
+

+⊗ × →T V T V T V  (33.25) 

 
 

Clearly this operation can be further extended to more than two tensor spaces, say 
 
 ( ) ( ) ( )11

1 1
: k k

k k

p p pp
q q q q

+ +
+ +⊗ × × →T V T V T V"
""  (33.26) 

 
in such a way that 
 
 ( )1 1, , k k⊗ = ⊗ ⊗A A A A… "  (33.27) 

 
where ( ) ,  1, ,i

i

p
i q i k∈ =A T V … .  It is easy to verify that this tensor product operation is also 

multilinear in the sense generalizing (33.23) to tensors.  In component form 
 
 ( ) 1 1 1

1 11

... ...
... ...

p r p p p r

q q q sq s

i i i i i i
j j j jj j

+ + +

+ ++
⊗ =A B A B…

…
 (33.28) 
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which can be generalized obviously for (33.27) also.  From (33.28), or from (33.24), we see that 
the tensor product is not commutative, but it is associative and distributive. 
 

Relative to a product basis the component form of a tensor ( )p
q∈A T V  is given by 

(33.20) where the components of A can be obtained by (33.18).  If we transfer the basis 
{ } { }ˆtoi ie e as shown by (31.21) and (31.22), then the components of A as well as the product 

basis relative to { }ie must be transformed also.  The following theorem gives the transformation 
laws. 
 
Theorem 33.3.  Under the transformation of bases (31.21) and (31.22) the product basis (33.14) 
for ( )p

qT V transforms according to the rule 
 

 
1

1

1 1 1

1 1 1

ˆ ˆ ˆ ˆ

ˆ ˆ

q

p

p q q

p q p

jj
i i

k j lk j l
i i l l k kT T T T

⊗ ⊗ ⊗ ⊗ ⊗

= ⊗ ⊗ ⊗ ⊗ ⊗

e e e e

e e e e

" "

" " " "
 (33.29) 

 
and the components of any tensor ( )p

q∈A T V transform according to the rule. 
 
 1 11 1

1 1 1 1

...ˆ ˆ ˆp p q p

q p q q

i i i l k ki l
j j k k j j l lA T T T T A= …
… …" "  (33.30) 

 
The proof of these rules involves no more than the multilinearity of the tensor product ⊗  

and the tensor .A   Many classical treatises on tensors use the transformation rule such as (33.30) 
to define a tensor.  The next theorem connects this alternate definition with the one we used. 
 
Theorem 33.4.  Given any two sets of ( )p qN + scalars { }1

1

p

q

i i
j jA …
… and { }1

1

ˆ p

q

i i
j jA …
… related by the 

transformation rule (33.30), there exists a tensor ( )p
q∈A T V whose components relative to the 

product bases of { } { }ˆtoi ie e are { }1

1

p

q

i i
j jA …
… and { }1

1

ˆ p

q

i i
j jA …
…  provided that the bases are related by 

(31.21) and (31.22). 
 

This theorem is obvious, since we can define the tensor A by (33.20); then the 
transformation rule (33.30) shows that the components of A  relative to the product basis of 
{ }ie are { }1

1

p

q

i i
j jA …
… .  Thus a tensor A  corresponds to an equivalence set of components, with 

the transformation rule serving as the equivalence relation. 
 

As an illustration of the preceding theorem, let us examine whether or not there exists a 
tensor whose components relative to the product basis of any basis are the values of the 
generalized Kronecker delta introduced in Section 20.  The answer turns out to be yes, since we 
have the identify 
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 1 1 1 1

1 1 1 1
ˆ ˆr r r r

r r r r

i i i i l l k k
j j k k j j l lT T T Tδ δ≡… …
… …" "  (33.31) 

 
which follows from the fact that i

jT⎡ ⎤⎣ ⎦  and ˆ i
jT⎡ ⎤⎣ ⎦  are the inverse of each other.  We leave the 

proof of this identity as an exercise for the reader.  From Theorem 33.4 and the identity (33.31), 
we see that there exist a tensor ,K of order ( ),r r such that 
 

 1 1

1 1

1
!

r r

r r

i i j j
r j j i ir

δ= ⊗ ⊗ ⊗ ⊗ ⊗K e e e e…
… " "  (33.32) 

 
relative to any basis { }.ie   This tensor plays an important role in the next chapter. 
 

By the same line of reasoning, we may ask whether or not there exists a tensor whose 
components relative to the product basis of any basis are the values of the symbolsε − also 
introduced in Section 20.  The answer turns out to be no, since we have the identities 
 
 

1
ˆdet l N

N l N l N

j ji
i i j i i j jT T Tε ε⎡ ⎤= ⎣ ⎦… …"  (33.33) 

 
and 
 
 1 ˆ ˆdet l NN l N

l N

i il j ji i
j j jT T Tε ε⎡ ⎤= ⎣ ⎦

…… "  (33.34) 

 
which also follows from the fact that i

jT⎡ ⎤⎣ ⎦  and ˆ i
jT⎡ ⎤⎣ ⎦  are the inverses of each other [cf. (21.8)].  

Since these identities do not agree with the transformation rule (33.30), we can conclude that 
there exists no tensor whose components relative to the product basis of any basis are always the 
values of the symbolsε − .  In other words, if the values of the symbolsε −  are the components of 
a tensor relative to the product basis of one particular basis { },ie then the components of the 
same tensor relative to the product basis of another basis generally are not the values of the 

symbolsε − , unless the transformation matrices i
jT⎡ ⎤⎣ ⎦  and ˆ i

jT⎡ ⎤⎣ ⎦  have unit determinant. 

 
In the classical treatises on tensors, the transformation rules (33.33) and (33.34), or more 

generally 
 
 1 11 1

1 1 1 1
ˆ ˆdetp p q p

q p q q

wi i i l k ki li
j j j k k j j l lA T T T T T Aε ⎡ ⎤= ⎣ ⎦

… …
… …" "  (33.35) 

 
are used to define relative tensors.  The exponent w and the coefficient ε on the right-hand side 
of (33.35) are called the weight and the parity of the relative tensor, respectively.  A relative 
tensor is called polar if its parity has the value +1 in all transformations, while a relative tensor is 
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called axial if ε is equal to the sign of the determinant of the transformation matrix i
jT⎡ ⎤⎣ ⎦ .  In 

particular, (33.33) shows that { }l Ni iε … are the components of an axial covariant tensor of order N 

and weight 1− , while (33.34) shows that { }l Ni iε …  are the components of an axial contravariant 

tensor of order N and weight 1+ .  We shall see some more examples of relative tensors in the 
next chapter. 
 
 
Exercises 
 
33.1 Prove Theorem 33.1. 
33.2 Prove equation (33.31). 
33.3 Under the canonical isomorphism of ( );L V V with ( )1

1 ,T V show that an endomorphism 

: →A V V and its dual :
∗∗ ∗→A V V correspond to the same tensor. 

33.4 Define an isomorphism from ( ) ( )( ); ; ;L L V V L V V to ( )2
2T V independent of any 

basis. 
33.5 If ( )2 ,∈A T V show that the determinant of the component matrix ijA⎡ ⎤⎣ ⎦ of A defines a 

polar scalar of weight two, i.e., the determinant obeys the transformation rule 
 

 ( )2ˆdet det detk
ij l ijA T A⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦⎣ ⎦  

 
33.6 Define isomorphisms from ( ); ∗L V V  to ( )2T V , ( );∗L V V to ( )2T V , and from 

( );∗ ∗L V V  to ( )1
1T V  independent of any basis. 

 
33.7 Given a relation of the form 
 
 ( )

1 1
,1,

p pi i klm i iA B k m C=… …  

 
where { }1 pi i klmA …  and { }1 pi iC …  are components of tensors with respect to any basis, show 

that the set ( ){ }, ,B k l m , likewise, can be regarded as components of a tensor, belonging 

to ( )3T V in this case.  This result is known as the quotient theorem in classical treatises 
on tensors. 

33.8 If ( )p q+∈A T V , define a tensor ( )pq p q+∈A T VT  by 
 
 ( ) ( )1 1 1 1, , , , , , , , , ,pq q p p q≡A u u v v A v v u uT … … … …  (33.36) 
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for all 1 1, , , , , .q p ∈u u v v V… …   Show that the operation 
 
 ( ) ( ):pq p q p q+ +→T V T VT  (33.37) 

 
is an automorphism of ( )p q+T V .  We call pqT  the generalized transpose operation.  What is the 
relation between the components of A  and pqAT ? 
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Section 34.  Contractions 
 

In this section we shall consider the operation of contracting a tensor of order ( ),p q to 

obtain a tensor of order ( )1, 1 ,p q− − where ,p q are greater than or equal to one.  To define this 

important operation, we prove first a useful property of the tensor space ( )p
qT V .  In the 

preceding section we defined a tensor of order ( ),p q to be a multilinear function 
 

times times

: * *
p q

× × × × × →A V V V V R" "���	��
 ��	�
  

 
Clearly, this concept can be generalized to a multilinear transformation from the ( ),p q -fold 

Cartesian product of and ∗V V to an arbitrary vector space ,U namely 
 
 

times times

: * *
p q

× × × × × →Z V V V V U" "��	�
 ���	��
  (34.1) 

 
The condition that Z  be a multilinear transformation is similar to that for a multilinear function, 
namely, Z  is linear in each one of its variables while its other variables are held constant, e.g., 
the tensor product ⊗ given by (33.21) is a multilinear transformation. The next theorem shows 
that, in some sense, any multilinear transformation Z of the form (34.1) can be factored through 
the tensor product ⊗ given by (33.21).  This fact is known as the universal factorization property 
of the tensor product. 
 
Theorem 34.1.  If Z is an arbitrary multilinear transformation of the form (34.1), then there 
exists a unique linear transformation 
 
 ( ): p

q →T V UC  (34.2) 

 
such that 
 
 ( ) ( )1 1

1 1, , , , q q
p p= ⊗ ⊗ ⊗ ⊗ ⊗v v v v v v v vZ C… … " "  (34.3) 

 
for all 1

1 , and , , .q
p

∗∈ ∈v v v vV V… …  
 
Proof. Since the simple tensors form a generating set of ( )p

qT V , if the linear transformation C  
satisfying (34.3) exists, then it must be unique.  To prove the existence of C , we choose a basis 
{ }ie for V and define the product basis (33.14) for ( )p

qT V as before.  Then we define 
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 ( ) ( )1 1

1 1
, , , , ,q q

p p

j jj j
i i i i⊗ ⊗ ⊗ ⊗ ⊗ ≡e e e e Z e e e eC " " … …  (34.4) 

 
for all 1 1, , , , , 1, ,p qi i j j N=… … …  and extend C to all tensors in ( )p

qT V  by linearity.  Now it is 
clear that the linear transformation C defined in this way satisfies the condition (34.3), since both 
C  and Z are multilinear in the vectors 1, , pv v… and the covectors 1, , ,qv v… and they agree on 

the dual bases { }ie  and { }ie  for V  and ∗V , as shown in (34.4).  Hence they agree on all 

( )1
1, , , , , q

pv v v v… … . 
 

If we use the symbol ⊗ to denote the multilinear transformation (33.21), then the 
condition (34.3) can be rewritten as 
 
 = ⊗Z C D  (34.5) 

 
where the operation D  on the right-hand side of (34.5) denotes the composition as defined in 
Section 3.  Equation (34.5) expresses the meaning of the universal factorization property.  In the 
modern treatises on tensors, this property is often used to define the tensor product and the tensor 
spaces.  Our approach to the concept of a tensor is a compromise between this abstract modern 
concept and the classical concept based on transformation rules; the preceding theorem and 
Theorems 33.3 and 33.4 connect our concept with the other two. 
 

Having proved the universal factorization property of the tensor product, we can now 
define the operation of contraction.  Recall that if ∈v V  and ∗ ∗∈v V , then the scalar product 

, ∗v v is a scalar.  Here we have used the canonical isomorphism given by (32.6).  Of course, the 
operation 
 
  ,  : ∗× →V V R  

 
is a bilinear function.  By Theorem 34.1 ,  can be factored through the tensor product  
 
 ( )1

1: ∗⊗ × →V V T V  

 
i.e., there exists a linear map 
 
 ( )1

1: →T V RC  (34.6) 

 
such that 
 
  ,  = ⊗C D  
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or, equivalently, 
 
 ( ), ∗ ∗= ⊗v v v vC  (34.7) 

 
for all ∈v V  and ∗ ∗∈v V .  This linear function C is the simplest kind of contraction operation.  
It transforms the tensor space ( )1

1T V to the tensor space ( ) ( )1 1 0
1 1 0

−
− = =T V T V R . 

 
In general if ( )p

q∈A T V is an arbitrary simple tensor, say 
 
 1

1
q

p= ⊗ ⊗ ⊗ ⊗ ⊗A v v v v" "  (34.8) 

 
then for each pair of integers ( ),i j , where 1 , 1i p j q≤ ≤ ≤ ≤ , we seek a unique linear 
transformation 
 
 ( ) ( )1

1:i p p
j q q

−
−→T V T VC  (34.9) 

 
such that 
 
 1 1 1

1 1 1,i j j j q
j i i i p

− +
− += ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗A v v v v v v v v v vC " " " "  (34.10) 

 
for all simple tensors A .  A more compact notation for the tensor product on the right-hand side 
is 
 
 1

1
j q

i p⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗v v v v v v� �" " " " "  (34.11) 

 
Since the representation of a simple tensor by a tensor product is not unique, the existence of 
such a linear transformation i

jC is by no means obvious.  However, we can prove that i
jC does 

exist and is uniquely determined by the condition (34.10).  Indeed, using the universal 
factorization property, we can prove the following theorem. 
 
Theorem 34.2.  A unique contraction operation i

jC satisfying the condition (34.10) exists. 
 
Proof. We define a multilinear transformation of the form (34.1) with ( )1

1
p

q
−

−=U T V  by 
 

 
( )1

1

1
1

, , , ,

,

q
p

j j q
i i p= ⊗ ⊗ ⊗ ⊗ ⊗

Z v v v v

v v v v v v v v

… …
� �" " " "

 (34.12) 
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for all 1, , p ∈v v V…  and 1, q ∗∈v v V… .  Then by Theorem 34.1 there exists a unique linear 

transformation i
jC of the form (34.9) such that (34.10) holds, and thus the proof is complete. 

 
Next we express the contraction operation in component form. 

 
Theorem 34.3.  If ( )p

q∈A T V  is an arbitrary tensor of order ( ),p q , then in component form 

relative to any dual bases { }ie  and { }ie we have 
 

 ( ) 1 1 1 1

1 1 11

i p i i p

j j qj q

k k k k k tk ki
j l l tl ll l l

A − +

− +
=AC

�
… … … …

� … …… …
 (34.13) 

 
Proof.  Since the contraction operation is linear applying it to the component form (33.20), we 
get 
 
 1 1

1 1
,p j j q

q i i p

k k l l lli
j l l k k k kA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e e e e eC …

…
� �" " " "  (34.14) 

 
which means nothing but the formula (34.13) because we have ,j j

i i

l l
k kδ=e e . 

 
In particular, for the special case C given by (34.6) we have 

 
 ( ) t

tA=AC  (34.15) 

 
for all ( )1

1∈A T V .  If we now make use of the canonical isomorphism  
 
 ( ) ( )1

1 ;≅T V L V V  

 
we see that C coincides with the trace operation defined by (19.8). 
 

Using the contraction operation, we can define a scalar product for tensors.  If 
( )p

q∈A T V  and ( )q
p∈B T V , the tensor product ⊗A B is a tensor in ( )p q

p q
+

+T V and is defined 
by (33.24).  We apply the contraction 
 
 1 11 1

1 11 1

timestimes

q q

pq

+ +=C C CC C D D"DD"D ���	��
��	�

 (34.16) 

 
to ,⊗A B then the result is a scalar , ,A B namely 
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 ( ), ≡ ⊗A B A BC  (34.17) 

 
called the scalar product of and .A B   It is a simple matter to see that ,   is a bilinear and 
definite function in the sense similar to those properties of the scalar product of 

and ∗v v explained in Section 31.  We can use the bilinear function 
 
 ( ) ( ) ,  : p q

q p× →T V T V R  (34.18) 

 
to identify the space ( )p

qT V with the dual space ( )q
p

∗
T V of the space ( )q

pT V  or equivalently, 

we can define the dual space ( )q
p

∗
T V  abstractly as usual and then introduce a canonical 

isomorphism from ( )p
qT V to ( )q

p
∗

T V  through (34.17).  Thus we write 
 
 ( ) ( )p q

q p
∗≅T V T V  (34.19) 

 
Of course we shall also identify the second dual space ( )q

p
∗∗

T V  with ( )q
pT V  as explained in 

general in Section 32.  Hence, we have 
 
 ( ) ( )p q

q p
∗ ∗∗≅T V T V  (34.20) 

 
which follows also by interchanging andp q in (34.19).  From (34.13) and (34.16), the scalar 
product ,A B  is given by the component form 
 
 1 1

1 1
, p p

q p

i i j j
j j i iA B=A B … …
… …  (34.21) 

 
relative to any dual bases { }ie  and { }ie for V  and ∗V . 
 
 
Exercises 
 
34.1 Show that 
 
 ( )1 1

1 1, , , , , ,p p
q q⊗ ⊗ ⊗ ⊗ ⊗ =A v v v v A v v v v" " " "  

 
 for all ( )p

q∈A T V , 1, , q ∈v v V"  and 1, , p ∗∈v v V" . 
34.2 Give another proof of the quotient theorem in Exercise 33.7 by showing that the 

operation 
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 ( ) ( ) ( )( ): ;r p p s

s q q r
−

−→T V L T V T VJ  

 
defined by 

 
 ( ) ( )1 1 1 1

1 1 1 1s s

s times r times

+ +≡ ⊗A B A BJ C C C CD"D D D"D��	�
 ���	��
  

 
for all ( )r

s∈A T V  and ( )p
q∈B T V  is an isomorphism.  Since there are many such 

isomorphisms by choosing contractions of pairs of indices differently, we do not make 
any one of them a canonical isomorphism in general unless stated explicitly. 

34.3 Use the universal factorization property and prove the existence and the uniqueness of the 
generalized transpose operation pqT defined by (33.36) in Exercise 33.8.  Hint:  Require 

pqT to be an automorphism of ( )p q+T V such that 
 
 ( )1 1 1 1p q q p

pq ⊗ ⊗ ⊗ ⊗ ⊗ = ⊗ ⊗ ⊗ ⊗ ⊗v v u u u u v vT " " " "  (34.22) 

 
 for all simple tensors ( )1 1p q

p q+⊗ ⊗ ⊗ ⊗ ⊗ ∈v v u u T V" " . 

34.4 { }1

1

q

p

jj
i i⊗ ⊗ ⊗ ⊗ ⊗e e e e" " is the product basis for ( )p

qT V induced by the dual bases 

{ }ie  and { }ie ;  construct its dual basis in ( )q
pT V with respect to the scalar product 

defined by (34.17).
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Section 35.  Tensors on Inner Product Spaces 
 

The main result of this section is that if V is equipped with a particular inner product, 
then we can identify the tensor spaces of the same total order by means of various canonical 
isomorphisms, a special case of these being the isomorphism G from to ,∗V V which we have 
introduced in Section 31 [cf. (31.5)]. 
 

Recall that the isomorphism : ∗→G V V  is defined by the condition [cf. (31.6)] 
 
 ( ), , , ,= = ⋅ ∈Gu v Gv u u v u v V  (35.1) 

 
In general, if A is a simple, pure, contravariant tensor of order p , say 
 
 1 p= ⊗ ⊗A v v"  

 
then we define the pure covariant representation of A  to be the tensor 
 
 ( )1

p
p p= ⊗ ⊗ ∈A Gv Gv T VG "  (35.2) 

 
By linearity, pG can be extended to all of ( )pT V .  Equation (35.2) means that 
 
 ( ) ( ) ( )1 1 1 1 1, , , ,p

p p p p p= = ⋅ ⋅A u u Gv u Gv u v u v uG … " "  (35.3) 

 
for all 1, , p ∈u u V… .  Equation(35.3) generalizes the condition (35.1) from v  to 1 p⊗ ⊗v v" .  
Of course, because the tensor product is not one-to-one, we have to show that the covariant 
tensor pAG  does not depend on the representation of A .  This fact follows directly from the 
universal factorization of the tensor product.  Indeed, if we define a p-linear map 
 
 ( ): p

p times

× × →Z V V T V"��	�
  

 
by 
 
 ( )1 1, , p p≡ ⊗ ⊗Z v v Gv Gv… "  (35.4) 

 
then Z can be factored through the tensor product ⊗ , i.e., there exists a unique linear 
transformation pG from ( )pT V  to ( )pT V , 
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 ( ) ( ):p p

p→T V T VG  (35.5) 

 
such that 
 
 p= ⊗Z G D  

 
or, equivalently, 
 
 ( ) ( )1 1, , p p

p p≡ ⊗ ⊗ =Z v v v v AG G… "  (35.6) 

 
Comparing (35.6) with (35.4) we see that pG obeys the condition (35.2), and thus pAG  is well 
defined by (35.3). 
 

It is easy to verify that pG is an isomorphism.  Indeed ( ) 1p −
G  is the unique linear 

transformation from ( )pT V  to ( )pT V  such that 
 
 ( ) ( )1 1 1 1 1p p p− − −⊗ ⊗ = ⊗ ⊗v v G v G vG " "  (35.7) 

 
for all 1, , p ∗∈v v V… .  Thus pG makes ( )pT V  and ( )pT V  isomorphic, just as G makes V  

and ∗V  isomorphic.  In fact, 1=G G . 
 

Clearly, we can extend the preceding argument to mixed tensor spaces on V also.  If A is 
a mixed simple tensor in ( )p

qT V , say 
 
 1

1
q

p= ⊗ ⊗ ⊗ ⊗ ⊗A v v u u" "  (35.8) 

 
then we define the pure covariant representation of A to be the tensor 
 
 1

1
p q
q p= ⊗ ⊗ ⊗ ⊗A Gv Gv u uG " "  (35.9) 

 
and p

qG is an isomorphism from ( )p
qT V  to ( )p q+T V , 

 
 ( ) ( ):p p

q q p q+→T V T VG  (35.10) 

 
Indeed, its inverse is characterized by 
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 ( ) ( )1 1 1 1 1 1 1p p q p q
q

− − −⊗ ⊗ ⊗ ⊗ ⊗ = ⊗ ⊗ ⊗ ⊗ ⊗v v u u G v G v u uG " " " "  (35.11) 

 
for all 1 1, , , , ,p q ∗∈v v u u V… … .  Clearly, by suitable compositions of the operations p

qG  and 
their inverses, we can define isomorphisms between tensor spaces of the same total order.  For 
example, if 1 1andp q  are another pair of integers such that 
 
 1 1p q p q+ = +  

 
then ( )p

qT V is isomorphic to ( )1

1

p
qT V by the isomorphism 

 
 ( ) ( ) ( )1 1

1 1

1
:p pp p

q q q q

−
→T V T VG GD  (35.12) 

 
In particular, if 1 10,q p p q= = + , then for any ( )p

q∈A T V the tensor ( ) ( )1p q p p q
q

−+ +∈A T VG G  
is called the pure contravariant representation of A .  For example, if A  is given by (35.8), then 
its pure contravariant representation is given by 
 
 ( ) 1 1 1 1

1
p q p q

q p

−+ − −= ⊗ ⊗ ⊗ ⊗ ⊗A v v G u G uG G " "  

 
We shall now express the isomorphism p

qG in component form.  If ( )p
q∈A T V  has the 

component representation 
 
 1 1

11
p q

p

i i ij
j j i iq

A= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e…
… " "  (35.13) 

 
then from (35.9) we obtain 
 
 1 1

1
1

p q

p

i i jjp
q j j i i

q
A= ⊗ ⊗ ⊗ ⊗ ⊗A Ge Ge e eG …

… " "  (35.14) 

 
This result can be written as  
 
 1 1

1
1

p q

p

i i jjp
q j j i i

q
A= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG …

… " "  (35.15) 

 
where { }ie is a basis in ∗V reciprocal to { }ie , i.e., 
 
 j j

i iδ⋅ =e e  (35.16) 
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since it follows from (19.1), (12.6), and (35.1) that we have 
 
 j

i i jie= =e Ge e  (35.17) 

 
where 
 
 ji j ie = ⋅e e  (35.18) 

 
Substituting (35.17) into (35.15), we obtain 
 
 1 1

1 1... ...
p q

p q

i ji jp
q i i j jA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.19) 

 
where 
 
 1

1 1 1 1 1

...
... ... ...

p

p q p p q

k k
i i j j i k i k j jA e e A= "  (35.20) 

 
This equation illustrates the component form of the isomorphism p

qG .  It has the effect of 

lowering the first p superscripts on the components { }1

1

...
...

p

q

i i
j jA .  Thus ( )p

q∈A T V and 

( )p
q p q+∈A T VG have the same components if the bases in (35.13) and (35.15) are used.  On the 

other hand, if the usual product basis for ( )p
qT V  and ( )p q+T V are used, as in (35.13) and 

(35.19), the components of A  and p
q AG are related by (35.20). 

 
Since p

qG  is an isomorphism, its inverse exists and is a linear transformation from 

( )p q+T V  and ( )p
qT V .  If ( )p q+∈A T V  has the component representation 

 
 1 1

1 1... ...
p q

p q

i ji j
i i j jA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e" "  (35.21) 

 
then from (35.11) 
 
 ( ) 1 1

1 1

1 1 1
... ...

p q

p q

i ii jp
q i i j jA

− − −= ⊗ ⊗ ⊗ ⊗ ⊗A G e G e e eG " "  (35.22) 

 
By the same argument as before, this formula can be rewritten as  
 
 ( ) 1 1

1 1

1

... ...
p q

p q

i ji jp
q i i j jA

−
= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.23) 
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where { }ie is a basis of V reciprocal to { }ie , or equivalently as 
 
 ( ) 1 1

1 1

1 ...
...

p q

q p

i i jjp
q j j i iA

−
= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.24) 

 
where 
 
 1 1 1

1 1 1

...
... ... ...

p p p

q p q

i i i ki k
j j k k j jA e e A= "  (35.25) 

 

Here of course ije⎡ ⎤⎣ ⎦ is the inverse matrix of ije⎡ ⎤⎣ ⎦  and is given by 
 
 ij i je = ⋅e e  (35.26) 

 
since 
 
 1i i ij

je−= =e G e e  (35.27) 

 
Equation (35.25) illustrates the component form of the isomorphism ( ) 1p

q

−
G .  It has the effect of 

raising the first p  subscripts on the components { }1 1... ...p qi i j jA . 

 
Combining (35.20) and (35.25), we see that the component form of the isomorphism 

( )1

1

1p p
q q

−
G GD  in (35.12) is given by raising the first 1p p− subscripts of ( )p

q∈A T V  if 1p p> , or 

by lowering the last 1p p−  superscripts of A  if 1p p> .   Thus if A  has the component form 

(35.13), then ( )1

1

1p p
q q

−
AG G  has the component form 

 

 ( ) 11 1 1 1

1 1 1 11

1 ...
...

p q

q p

i i jp jp
q q j j i iA

−
= ⊗ ⊗ ⊗ ⊗ ⊗G G A e e e e" "  (35.28) 

where 
 

 1 1 1 11 1 1
... ...1 11 1 11

... ...
... 1ifkp p p pp p

k k j jp p qq

i i ii i i k
j jA A e e p p−+

−
= >"  (35.29) 

 
and 
 
 1 11 1 1

1 1 1 11 1 1 1 1

... ... ...
... ... 1ifp p p p

q p p q p p p p

i i i i k
j j j j k j k jA A e e p p−

− + − −
= >"  (35.30) 
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For example, if ( )1
2∈A T V has the representation 

 
 i j k

jk iA= ⊗ ⊗A e e e  

 
then the covariant representation of A  is 
 
 1

2
i j k i l j k l j k

jk i jk il ljkA A e A= ⊗ ⊗ = ⊗ ⊗ = ⊗ ⊗A e e e e e e e e eG  

 
the contravariant representation of A is 
 
 ( ) 13 1

2
i j k i jl km ilm

jk i jk i l m i l mA A e e A
−

= ⊗ ⊗ = ⊗ ⊗ ≡ ⊗ ⊗A e e e e e e e e eG G  

 
and the representation of A in ( )2

1T V is 
 
 ( ) 12 1

1 2
i j k i jl k il k

jk i jk i l k i lA A e A
−

= ⊗ ⊗ = ⊗ ⊗ ≡ ⊗ ⊗A e e e e e e e e eG G  

 
etc.  These formulas follow from (35.20), (35.24), and (35.29). 
 
 Of course, we can apply the operations of lowering and raising to indices at any position, 
e.g., we can define a “component” 31

2

   ... ...
 ...   ...

a

b

i ii
j jA  for ( )r∈A T V by 

 
 3 3 31 1 1

2 1 2

    ... ...
  ...   ... ...

a a a

b r

i i i j i ji i j
j j j j jA A e e e≡ " " (35.31) 

 
However, for simplicity, we have not yet assigned any symbol to such representations whose 
“components” have an irregular arrangement of superscripts and subscripts.  In our notation for 
the component representation of a tensor ( )p

q∈A T V  the contravariant superscripts always 

come first, so that the components of A are written as 1

1

...
...

p

q

i i
j jA as shown in (35.13), not as 

1

1

...
...

p

q

i i
j jA or as any other rearrangement of positions of the superscripts 1 pi i… and the 

subscripts 1 qj j… , such as the one defined by (35.31).  In order to indicate precisely the position 
of the contravariant indices and the covariant indices in the irregular component form, we may 
use, for example, the notation 
 
 

( ) ( ) ( ) ( ) ( )1 2 3 a b

∗ ∗⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗V V V V V" " "  (35.32) 

 
for the tensor space whose elements have components of the form on the left-hand side of 
(35.31), where the order of V and ∗V in (35.32) are the same as those of the contravariant and 
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the covariant indices, respectively, in the component form.  In particular, the simple notation 
( )p

qT V now corresponds to 
 
 

( ) ( ) ( ) ( )1 1p p p q

∗ ∗

+ +
⊗ ⊗ ⊗ ⊗ ⊗V V V V" "  (35.33) 

 
Since the irregular tensor spaces, such as the one in (35.32), are not convenient to use, we shall 
avoid them as much as possible, and we shall not bother to generalize the notation p

qG  to 
isomorphisms from the irregular tensor spaces to their corresponding pure covariant 
representations. 
 
 So far, we have generalized the isomorphism G for vectors to the isomorphisms p

qG for 

tensors of type ( ),p q in general.  Equation (35.1) forG , however, contains more information 
than just the fact that G is an isomorphism.  If we read that equation reversely, we see that G can 
be used to compute the inner product onV .  Indeed, we can rewrite that equation as  
 
 1⋅ = ≡v u Gv,u v,uG  (35.34) 

 
This idea can be generalized easily to tensors.  For example, if A and B are tensors in ( )rT V , 
then we can define an inner product ⋅A B  by 
 
 r⋅ ≡A B A,BG  (35.35) 

 
We leave the proof to the reader that (35.35) actually defines an inner product ( )rT V .  By use 
of (34.21) and (35.20), it is possible to write (35.35) in the component form 
 
 1 1

1 1... ...
r r

r r

i j i j
j j i iA e e B⋅ =A B "  (35.36) 

 
or, equivalently, in the forms 
 

 

1

1

1 1

1

1 1

2 1 1

...
...

...
...

...
... , etc.

r

r

r r r

r r

r

r

i i
i i

i i i j
j i i

i i j
i i i j

A B

A e B

A B e

−

⎧
⎪⎪⋅ = ⎨
⎪
⎪⎩

A B  (35.37) 

 
Equation (35.37) suggests definitions of inner products for other tensor spaces besides ( )rT V .  

If A and B are in ( )p
qT V , we define ⋅A B by 
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 ( ) ( ) ( )1 1 1
,p q p p q p p p q p

q q q q

− − −+ + +⋅ ≡ ⋅ =A B A B A BG G G G G G G  (35.38) 

 
Again, we leave it as an exercise to the reader to establish that (35.38) does define an inner 
product on ( )p

qT V ; moreover, the inner product can be written in component form by (35.37)
(35.37) also. 
 
 In section 32, we pointed out that if we agree to use a particular inner product, then the 
isomorphism G can be regarded as canonical.  The formulas of this section clearly indicate the 
desirability of this procedure if for no other reason than notational simplicity.  Thus, from this 
point on, we shall identify the dual space ∗V withV , i.e., 
 
 ∗≅V V  

 
by suppressing the symbolG .  Then in view of (35.2) and (35.7), we shall suppress the symbol 

p
qG  also.  Thus, we shall identify all tensor spaces of the same total order, i.e., we write 

 
 ( ) ( ) ( )-1

1
r r

r≅ ≅ ≅T V T V T V"  (35.39) 

 
By this procedure we can replace scalar products throughout our formulas by inner products 
according to the formulas (31.9) and (35.38). 
 
 The identification (35.39) means that, as long as the total order of a tensor is given, it is 
no longer necessary to specify separately the contravariant order and the covariant order.  These 
separate orders will arise only when we select a particular component representation of the 
tensor.  For example, if A is of total order r , then we can express A by the following different 
component forms: 
 

 

1

1

1 1

1 1

1

1

...

...

...

r

r

r r

r r

r

r

i i
i i

i i j
j i i

j j
j j

A

A

A

−

−

= ⊗ ⊗

= ⊗ ⊗ ⊗

= ⊗ ⊗

A e e

e e e

e e

"

"
#

"

 (35.40) 

 
where the placement of the indices indicates that the first form is the pure contravariant 
representation, the last form is the pure covariant representation, while the intermediate forms 
are various mixed tensor representations, all having the same total order r .  Of course, the 
various representations in (35.40) are related by the formulas (35.20), (35.25), (35.29), and 
(35.30).  In fact, if (35.31) is used, we can even represent A by an irregular component form 
such as 
 
 1 3 2

2 1 3

 ...  
    ...  ...

a b

b a

i i i jj
j j i i iA= ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗A e e e e e" " "  (35.41) 
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provided that the total order is unchanged. 
 
 The contraction operator defined in Section 34 can now be rewritten in a form more 
convenient for tensors defined on an inner product space.  If A is a simple tensor of (total) 
order , 2r r ≥ , with the representation 
 
 1 r= ⊗ ⊗A v v"  

 
then ijAC , where 1 i j r≤ < ≤ , is a simple tensor of (total) order 2r − defined by (34.10), 
 
 ( ) 1ij i j i j r≡ ⋅ ⊗ ⊗A v v v v v vC � �" " "  (35.42) 

 
By linearity, ijC can be extended to all tensors of order r .  If ( )r∈A T V has the representation 
 
 1

1...
r

r

k k
k kA= ⊗ ⊗A e e"  

 
then by (35.42) and (35.26) 
 

 

( )1

1

1

1

1

1

...

     
... ... ...

r

r

i j ji r

r

j j r

j r i

k k
ij k k ij

k k kkk k
k k

k kk k
k k k k

ji

A

e A

A

= ⊗ ⊗

= ⊗ ⊗

= ⊗ ⊗

A e e

e e e e

e e e e

C C

…

"
� �" " "
� �" " "

 (35.43) 

 
It follows from the definition (35.42) that the complete contraction operator C  [cf. (35.16)] 
 
 ( )2: r →T V RC  

 
can be written 
 
 ( )12 13 1 1r+=C C C CD D"D  (35.44) 

 
Also, if A and B are in ( )rT V , it is easily establish that [cf. (34.17)] 
 
 ( )⋅ = ⊗A B A BC  (35.45) 
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 In closing this chapter, it is convenient for later use to record certain formulas here.  The 
identity automorphism I of V corresponds to a tensor of order 2.  Its pure covariant 
representation is simply the inner product 
 
 ( ) ⋅I u, v = u v  (35.46) 

 
The tensor I can be represented in any of the following forms: 
 
 i j ij i j j i

ij i j j i i je e δ δ= ⊗ = ⊗ = ⊗ = ⊗I e e e e e e e e  (35.47) 

 
There is but one contraction for I , namely 
 
 12 tr i

i Nδ= = =I IC  (35.48) 

 
In view of (35.46), the identity tensor is also called the metric tensor of the inner product space. 
 
 
Exercises 
 
35.1 Show that (35.45) defines an inner product on ( )rT V  
35.2 Show that the formula (35.38) can be rewritten as  
 

 ( ) 1
,q p

p pq q

−
⋅ =A B A BG T G  (35.49) 

 
where pqT is the generalized transpose operator defined in Exercises 33.8 and 34.3.  In 
particular, if A and B  are second order tensors, then (35.49) reduces to the more familiar 
formula: 

 
 ( )tr T⋅ =A B A B  (35.50) 

 
35.3 Show that the linear transformation 
 
 ( ) ( ):p p

p→T V T TG  

 
 defined by (35.2) can also be characterized by 
 
 ( )( ) ( )1 1, , , ,p

p p≡A u u A Gu GuG … …  (35.51) 
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 for all ( )p V∈A T and all 1, , p ∈u u V… . 
35.4 Show that if A is a second-order tensor, then 
 
 ( )23= ⊗A I AC  

 
 

 What is the component form of this identity?
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_______________________________________________________________________________ 
Chapter 8 
 
 
EXTERIOR ALGEBRA 
 
 

The purpose of this chapter is to formulate enough machinery to define the determinant of 
an endomorphism in a component free fashion, to introduce the concept of an orientation for a 
vector space, and to establish a certain isomorphism which generalizes the classical operation of 
vector product to a N-dimensional vector space.  For simplicity, we shall assume throughout this 
chapter that the vector space, and thus its associated tensor spaces, are equipped with an inner 
product.  Further, for definiteness, we shall use only the pure covariant representation; 
transformations into other representations shall be explained in Section 42. 
 
Section 36 Skew-Symmetric Tensors and Symmetric Tensors 
 

If ( )r∈A T V  and σ  is a given permutation of { }1,..., r , then we can define a new tensor 
( )rσ ∈A T VT  by the formula 

 
 1 (1) ( )( ,.., ) ( ,.., )r rσ σ σ=A v v A v vT  (36.1) 
 
for all 1,.., r ∈v v V .  For example, the generalized transpose operation pqT  defined by (33.36) in 
Exercise 33.8 is a special case of σT  with σ  given by 
 

 
1 1

1 1
q q q p

p p q p
σ

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎛ ⎞
= ⎜ ⎟+ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅⎝ ⎠

 

 
Naturally, we call σAT  the σ -transpose of A  for any σ  in general.  We have obtained the 
components of the transpose pqT  in Exercise 33.8.  For an arbitrary permutation σ  the components 
of σAT  are related to those of A  by 
 
 

1 (1) ( )... ...( )
r ri i i iA

σ οσ =AT  (36.2) 
 
Using the same argument as that of Exercise 34.3, we can characterize σT  by the condition that 
 
 

1 11 (1) ( )( )r rσ σ
σ

− −

⊗ ⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗v v v vT  (36.3) 
 
for all simple tensors 1 ( )r

r⊗⋅⋅⋅⊗ ∈v v T V  
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If σ =A AT  for all permutations σ  A  is said to be (comp1etely) symmetric. On the other 
hand if σ σε=A AT  for all permutations σ , where σε  denotes the parity of σ  defined in Section 
20, then A  is said to be (complete1y) skew-symmetric.  For example, the identity tensor I  given by 
(35.30) is a symmetric second-order tensor, while the tensor ⊗ − ⊗u v v u , for any vectors 

, ∈u v V , is clearly a skew-symmetric second-order tensor.  We shall denote by ˆ( )rT V  the set of 

all skew-symmetric tensors in ( )rT V .  We leave it to the reader to establish the fact that ˆ( )rT V  is 

a subspace of ( )rT V .  Elements of ˆ( )rT V  are often called r-vectors or r-forms. 
 
Theorem 36.1.  An element ˆ( )r∈A T V  assumes the value 0  if any two of its variables coincide. 
 
Proof: We wish to establish that 
 
 1( ,..., ,..., ,..., )r =A v v v v 0  (36.4) 
 
This result is a special case of the formula 
 
 1 1( ,..., ,..., ,..., ) ( ,..., ,..., ,..., )s t r t s r= − =A v v v v A v v v v 0  (36.5) 
 
which follows by the fact that 1σε = −  for the permutation which switches the pair of indices ( , )s t ) 
while leaving the remaining indices unchanged.   If we take s t= =v v v  in (36.5), then (36.4) 
follows. 
 
Corollary.  An element ˆ( )r∈A T V  assumes the value zero if it is evaluated on a linearly 
dependent set of vectors. 
 

This corollary generalizes the result of the preceding theorem but is itself also a direct 
consequence of that theorem, for if { }1,..., rv v  is a linearly dependent set, then at least one of the 
vectors can be expressed as is a linear combination of the remaining ones.  From the r-linearity of 
A , 1( ,..., )rA v v  can then be written as the linear combination of quantities which are all equal to 
zero because which are the values of A  at arguments having at least two equal variables. 
 
Corollary.  If . r  is greater than N , the dimension of V  , then { }ˆ( )r = 0T V . 
 

This corollary follows from the last corollary and the fact that every set of more than N 
vectors in a N- dimensional space is linearly dependent. 
 
 
Exercises 
 
36.1 Show that the set of symmetric tensors of order r  forms a subspace of ( )rT V . 
36.2 Show that 
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 στ σ τ=T T T  
 

for all permutations σ  and τ .  Also, show that σT  is the identity automorphism of ( )rT V if 
and only if σ  is the identity permutation. 
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Section 37 The Skew-Symmetric Operator 
 

In this section we shall construct a projection from ( )rT V  into ( )rT V .  This projection is 
called the skew-symmetric operator.  If ( )r∈A T V , we define the skew-symmetric projection rAK  
of A  by 
 

 1
!r r σ σ

σ

ε= ∑A AK T  (37.1) 

 
where the summation is taken over all permutations σ  of { }1,..., r .  The endomorphism 
 
 : ( ) ( )r r r→T V T VK  (37.2) 
 
defined in this way is called the skew-symmetric operator. 
 
Before showing that rK  has the desired properties, we give one example first.  For simplicity, let 
us choose 2r = .  Then there are only two permutations of { }1,2 , namely 

 

 
1 2 1 2

,
1 2 2 1

σ σ⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (37.3) 

 
and their parities are 
 
 1 and 1σ σε ε= = −  (37.4) 
 
Substituting (37.3) and (37.4) into (37.1), we get 
 

 ( )2 1 2 1 2 2 1
1( )( , ) ( , ) ( , )
2

= +A v v A v v A v vK  (37.5) 

 
for all 2 ( )∈A T V  and 1 2, ∈v v V .  In particular, if A  is skew-symmetric, namely 
 
 2 1 1 2( , ) ( , )= −A v v A v v  (37.6) 
 
then (37.5) reduces to 
 
 2 1 2 1 2( )( , ) ( , )=A v v A v vK  
 
or, equivalently, 
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 2 2̂, ( )= ∈A A A T VK  (37.7) 
 
Since from (37.5), 2 2̂ ( )∈A T VK for any 2 ( )∈A T V ????, by (37.7) we then have 
 
 2 2 2( ) =A AK K K  
 
or, equivalently 
 
 2

2 2=K K  (37.8) 
 
which means that 2K  is a projection.  Hence, for second order tensors, 2K  has the desired 
properties.  We shall now prove the same for tensors in general. 
 
Theorem 37.1.  Let : ( ) ( )r r r→T V T VK  be defined by (37.1).  Then the range of rK  is ˆ( )rT V , 
namely 
 
 ˆ( ) ( )r rR = T VK  (37.9) 
 
Moreover, the restriction of rK  on ˆ( )rT V  is the identity automorphism of ˆ( )rT V , i.e., 
 
 ˆ, ( )r r= ∈A A A T VK  (37.10) 
 
Proof. We prove the equation (37.10) first.  If ˆ( )r∈A T V , then by definition we have 
 
 σ σε=A AT  (37.11) 
 
 
for all permutations σ .  Substituting (37.11) into (37.1), we get 
 

 21 1 ( !)
! !r r

r rσ
σ

ε= = =∑A A A AK  (37.12) 

 
Here we have used the familiar fact that there are a total of !r  permutations for r  numbers 
{ }1,..., r . 
 

Having proved (37.10), we can conclude immediately that 
 
 ˆ( ) ( )r rR ⊃ T VK  (37.13) 
 
since ˆ( )rT V  is a subspace of ( )rT V .  Hence, to complete the proof it suffices to show that 
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 ˆ( ) ( )r rR ⊂ T VK  
 
This condition means that 
 
 ( )r rτ τε=A AT K K  (37.14) 
 
for all ( )r∈A T V .  From (37.1), ( )rτ AT K  is given by 
 

 ( )1( )
!r rτ σ τ σ

σ

ε= ∑A AT K T T  

 
From the resu1t of Exercise 36.2, we can rewrite the preceding equation as 
 

 1( )
!r rτ σ τσ

σ

ε= ∑A AT K T  (37.15) 

 
 
Since the set of all permutations form a group, and since 
 
 τ σ τσε ε ε=  
 
the right-band side of (37.15) is equal to 
 

 1
!r τ τσ τσ

σ

ε ε∑ AT  

 
or, equivalently, 
 

 1
!rτ τσ τσ

σ

ε ε∑ AT  

 
which is simply another way of writing rτε K A , so (37.14) is proved. 
 

By exactly the same argument leading to (37.14) we can prove also that 
 
 ( )r rτ τε=A AK T K  (37.16) 
 
Hence rK  and τT  commute for all permutations τ .  Also, (37.9) and (37.10) now imply that 

2
r r=K K , for all r .  Hence we have shown that rK  is a projection from ( )rT V  to ˆ( )rT V .  From a 

result for projections in general [cf. equation (17.13)], ( )rT V  can be decomposed into the direct 
sum 
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 ˆ( ) ( ) ( )r r rK= ⊕T V T V K  (37.17) 
 
where ( )rK K  is the: kernel of rK  and is characterized by the following theorem. 
 
Theorem 37.2.  The kernel ( )rK K  is generated by the set of simple tensors 1 r⊗⋅⋅ ⋅⊗v v  having at 
least one pair of equal vectors among the vectors 1,..., rv v . 
 
Proof. : Since ( )rT V  is generated by simple tensors, it suffices to show that the difference 
 
 ( )1 1r r

r⊗⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗v v v vK  (37.18) 
 
can be expressed as a linear combination of simple tensors having the prescribed property.  From 
(36.3) and (37.1), the difference (37.18) can be written as 
 

 ( )1 (1) ( )1
!

r r

r
σ σ

σ
σ

ε⊗ ⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗∑ v v v v  (37.19) 

 
We claim that each sum of the form 
 
 1 (1) ( )r rσ σ

σε⊗ ⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗v v v v  (37.20) 
 
can be expressed as a sum of simple tensors each having at least two equal vectors among the r  
vectors forming the tensor product.  This fact is more or less obvious since in Section 20 we have 
mentioned that every permutation σ  can be decomposed into a product of permutations each 
switching only one pair of indices, say 
 
 1 2 1k kσ σ σ σ σ−= ⋅ ⋅ ⋅  (37.21) 
 
where the number k  is even or odd corresponding to σ  being an even or odd permutation, 
respectively.  Using the decomposition (37.21), we can rewrite (37.20) in the form 
 

 

( )
( )

( )

1 1

1 1 2 1 2 1

1 1 1 1

(1) ( )1

(1) ( ) (1) ( )

(1) ( ) (1) ( )k k

rr

r r

r r

σ σ

σ σ σ σ σ σ

σ σ σ σ σ σ
σε − −⋅⋅⋅ ⋅⋅⋅

+ ⊗ ⋅ ⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

− ⊗⋅⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

+ ⋅ ⋅ ⋅
− ⋅ ⋅ ⋅

− ⊗ ⋅⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

v v v v

v v v v

v v v v

 (37.22) 

 
where all the intermediate terms 1 1(1) ( )j j rσ σ σ σ⋅⋅⋅ ⋅⋅⋅⊗ ⋅ ⋅ ⋅⊗v v , 1,..., 1j k= −  cancel in the sum.  Since 
each of 1,..., kσ σ  switches only one pair of indices, a typical term in the sum (37.22) has the form 
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 a s t b a t s b⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗ + ⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗v v v v v v v v  
 
which can be combined into three simple tensors: 
 
 ( ) ( )a b⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗v u u v  
 
where ,s t=u v v , and s t+v v .  Consequently, (37.22) is a sum of simple tensors having the 
property prescribed by the theorem.  Of course, from (37.16) all those simple tensors belong to the 
kernel ( )rK K .  The proof is complete. 
 

In view of the decomposition (37.17), the subspace ˆ( )rT V  is isomorphic to the factor space 

( ) ( )r rKT V K .  In fact, some authors use this structure to define the space ˆ( )rT V abstractly 

without making ˆ( )rT V  a subspace of ( )rT V .  The preceding theorem shows that this abstract 

definition of ˆ( )rT V  is equivalent to ours. 
 

The next theorem gives a useful property of the skew-symmetric operator rK . 
 
Theorem 37.3.  If ( )p∈A T V  and ( )q∈B T V , then 
 

 

( ) ( )
( )
( )

p q p q q

p q p

p q p q

+ +

+

+

⊗ = ⊗

= ⊗

= ⊗

A B A B

A B

A B

K K K

K K

K K K

 (37.23) 

 
Proof. Let τ  be an arbitrary permutation of { }1,...,q .  We define 
 

 
1 2 2
1 2 (1) ( )

p p p q
p p p q

σ
τ τ

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎛ ⎞
= ⎜ ⎟⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎝ ⎠

 

 
 
Then σ τε ε=  and 
 
 ( )τ σ⊗ = ⊗A B A BT T  
 
 
Hence from (37.14) we have 
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( ) ( )( ) ( )

( )
p q p q p q

p q

τ σ σ

τ

ε

ε
+ + +

+

⊗ = ⊗ = ⊗

= ⊗

A B A B A B

A B

K T K T K

K
 

 
 
or, equivalently, 
 
 ( ) ( )p q p qτ τε+ +⊗ = ⊗A B A BK T K  (37.24) 
 
Summing (37.24) over all τ , we obtain (37.23)1,  A similar argument implies (37.23). 
 

In closing this section, we state without proof an expression for the skew-symmetric 
operator in terms of the components of its tensor argument.  The formula is 
 

 1 1

1 1

...

... ...
1
!

r r

r r

i i j j
r j j i iA

r
δ= ⊗⋅⋅ ⋅⊗A e eK  (37.25) 

 
We leave the proof of this formula as an exercise to the reader.  A classical notation for the 
components of rAK  is 

1[ ... ]rj jA , so from (37.25) 
 

 1

1 1 1

...
[ ... ] ... ...

1
!

r

r r r

i i
j j j j i iA A

r
δ=  (37.26) 

 
Naturally, we call rAK  the skew-symmetric part of A .  The formula (37.25) and the quotient 
theorem mentioned in Exercise 33.7 imply that the component formula (33.32) defines a tensor rK  
of order 2r , a fact proved in Section 33 by means of the transformation law. 
 
 
Exercises 
 
37.1 Let ( )r∈A T V  and define an endomorphism rS  of ( )rT V by 
 

 1
!r r σ

σ

≡ ∑A AS T  

 
where the summation is taken over all permutations σ  of { }1,..., r  as in (37.1).  Naturally 

rS  is called the symmetric operator.  Show that it is a projection from ( )rT V  into the 
subspace consisting of completely symmetric tensors of order r .  What is the kerne1 
( )rK S ?  A classical notation for the components of rAS  is 

1( ... )rj jA . 
37.2 Prove the formula (37.25). 
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Section 38. The Wedge Product 
 

In Section 33 we defined the concept of the tensor product ⊗ , first for vectors, then 
generalized to tensors.  We pointed out that the tensor product has the important universal 
factorization property.  In this section we shall define a similar operation, called the wedge product 
(or the exterior product), which we shall denote by the symbol ∧ .  We shall define first the wedge 
product of any set of vectors. 

 

If ( )1,..., rv v  is any r-triple of vectors, then their tensor product 1 r⊗⋅⋅ ⋅⊗v v  is a simple 

tensor in ( )rT V  [cf. equation (33.10)].  In the preceding section, we have introduced the skew-

symmetric operator rK , which is a projection from ( )rT V  onto ˆ( )rT V .  We now define 

 

 ( ) ( )1 1 1,..., !r r r
rr∧ ⋅⋅ ⋅ ∧ ≡ ∧ ≡ ⊗⋅⋅ ⋅⊗v v v v v vK  (38.1) 

 

for any vectors 1,..., rv v .  For example, if 2r = , from (37.5) for the special case that 1 2= ⊗A v v  
we have 

 

 1 2 1 2 2 1∧ = ⊗ − ⊗v v v v v v  (38.2) 
 

In general, from (37.1) and (36.3) we have 

 

 

( )

( )
( )

1 1

1 1

(1) ( )

(1) ( )

r r

r

r

σ σ
σ

σ σ
σ

σ

σ σ
σ

σ

ε

ε

ε

− −

∧ ⋅ ⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗

= ⊗⋅⋅ ⋅⊗

= ⊗⋅⋅ ⋅⊗

∑

∑

∑

v v v v

v v

v v

T

 (38.3) 

 

where in deriving (38.3), we have used the fact that 

 

 1σ σ
ε ε −=  (38.4) 

 

and the fact that the summation is taken over all permutations σ  of { }1,..., r . 
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We can regard (38.1)2 as the definition of the operation 

 

 
 times

ˆ: ( )p
r

∧ ×⋅ ⋅ ⋅× →V V T V  (38.5) 

 

which is called the operation of wedge product.  From (38.1)3 it is clear that this operation, like the 
tensor product, is multilinear; further, ∧  is a (completely) skew-symmetric operation in the sense 
that 

 

 (1) ( ) 1( ,..., ) ( ,..., )r rσ σ
σε∧ = ∧v v v v  (38.6) 

 

for all 1,..., r ∈v v V  and all permutations σ  of { }1,..., r .  This fact follows directly from the skew 
symmetry of rK  [cf. (37.16)].  Next we show that the wedge product has also a universal 
factorization property which is the condition asserted by the following. 

 

Theorem 38.1.  If W  is an arbitrary completely skew-symmetric multilinear transformation 

 

 
 times

:
r

×⋅⋅ ⋅× →W V V U  (38.7) 

 

where U  is an arbitrary vector space, then there exists a unique linear transformation 

 

 ˆ: ( )r →T V UD  (38.8) 
 

such that 

 

 ( ) ( )1 1,..., r r= ∧ ⋅⋅ ⋅ ∧W v v v vD  (38.9) 
 

for all 1,..., r ∈v v V .  In operator form, (38.9) means that 

 

 = ∧W D  (38.10) 
 

Proof We can use the universal factorization property of the tensor product (cf. Theorem 34.1) to 
decompose W  by 
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 = ⊗W C  (38.11) 
 

where C  is a linear transformation from ( )rT V  to U , 

 

 : ( )r →T V UC  (38.12) 
 

Now in view of the fact that W  is skew-symmetric, we see that the particular linear transformation 
C  has the property 

 

 ( ) ( )(1) ( ) 1r rσ σ
σε⊗ ⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗v v v vC C  (38.13) 

 

for all simple tensors 1 ( )r
r⊗⋅⋅ ⋅⊗ ∈v v T V  and all permutations σ  of { }1,..., r .  Consequently, if 

we multiply (38.13) by σε  and sum the result over all σ , then from the linearity of C  and the 
definition (38.3) we have 

 

 
( ) ( )

( )

1 1

1

!

! ,...,

r r

r

r

r

∧ ⋅⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗

=

v v v v

W v v

C C
 (38.14) 

 

for all 1,..., r ∈v v V .  Thus the desired linear transformation D  is simply given by 

 

 ˆ ( )

1
! rr

=
T V

D C  (38.15) 

 

where the symbol on the right-hand denotes the restriction of C  on ˆ( )rT V  as usual. 

 

Uniqueness of D  can be proved in exactly the same way as in the proof of Theorem 34.1.  
Here we need the fact that the tensors of the form 1 ˆ( )r

r∧ ⋅⋅ ⋅ ∧ ∈v v T V , which may be called 

simply skew-symmetric tensors for an obvious reason, generate the space ˆ( )rT V .  This fact is a 
direct consequence of the following results: 

 

(i) ( )rT V  is generated by the set of all simple tensors 1 r⊗⋅⋅ ⋅⊗v v . 

(ii) rK  is a linear trans formation from ( )rT V  onto ˆ( )rT V . 
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(iii) Equation (38.1) which defines the simple skew-symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v . 

 

Knowing that the simple skew-symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v  form a generating set of 
ˆ( )rT V , we can conclude immediately that the linear transformation D  is unique, since its values 

on the generating set are uniquely determined by W  through the basic condition (38.9). 

 

As remarked before, the universal factorization property can be used to define the tensor 
product abstractly.  The preceding theorem shows that the same applies to the wedge product.  In 
fact, by following this abstract approach, one can define the vector space ˆ( )rT V  entirely 
independent of the vector space ( )rT V  and the operation ∧  entirely independent of the operation 
⊗ . 

 

Having defined the wedge product for vectors, we can generalize the operation easily to 
skew-symmetric tensors.  If ˆ ( )p∈A T V  and ˆ( )q∈B T V , then we define 

 

 ( )r

r
p

⎛ ⎞
∧ = ⊗⎜ ⎟

⎝ ⎠
A B A BK  (38.16) 

 

where, as before, 

 

 r p q= +  (38.17) 
 

and 

 

 ( 1) ( 1) !
! ! !

r r r r p r
p p p q

⎛ ⎞ − ⋅ ⋅ ⋅ − +
= =⎜ ⎟

⎝ ⎠
 (38.18) 

 

We can regard (38.16) as the definition of the wedge product from ˆ ˆ ˆ( ) ( ) ( )p q r× →T V T V T V , 

 

 ˆ ˆ ˆ: ( ) ( ) ( )p q r∧ × →T V T V T V  (38.19) 
 

Clearly, this operation is bilinear and is characterized by the condition that 
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 1 1 1 1( ) ( )p q p q∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧v v u u v v u u  (38.20) 
 
for all simple skew-symmetric tensors 1 ˆ ( )p

p∧ ⋅⋅ ⋅ ∧ ∈v v T V  and 1 ˆ( )q
q∧ ⋅⋅ ⋅ ∧ ∈u u T V .  We leave 

the proof of this simple fact as an exercise to the reader.  In component form, the wedge product 
∧A B  is given by 

 

 1 1

1 1 1

...

... ... ...
1
! !

r r

r p p r

i i j j
j j i i i iA B

p q
δ

+
∧ = ⊗⋅⋅ ⋅⊗A B e e  (38.21) 

 

relative to the product basis of any basis { }je  for V . 

 

In view of (38.20), we can generalize the wedge product further to an arbitrary member of 
skew-symmetric tensors.  For example, if ˆ ( )a∈A T V , ˆ( )b∈B T V  and ˆ( )c∈C T V , then we have 

 

 ( ) ( )∧ ∧ = ∧ ∧ = ∧ ∧A B C A B C A B C  (38.22) 
 

Moreover, ∧ ∧A B C  is also given by 

 

 ( )( )
( )!

! ! ! a b c
a b c

a b c + +
+ +

∧ ∧ = ⊗ ⊗A B C A B CK  (38.23) 

 

Further, the wedge product is multilinear in its arguments and is characterized by the associative 
law such as 

 

 ( ) ( ) ( )1 1 1

1 1 1

a b c

a b c

∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧

= ∧ ⋅ ⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧

v v u u w w

v v u u w w
 (38.24) 

 

for all simple tensors involved. 

 

From (38.24), the skew symmetry of the wedge product for vectors [cf. (38.6)] can be 
generalized to the condition such as 

 

 ( 1) pq∧ = − ∧B A A B  (38.25) 
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for all ˆ ( )p∈A T V  and ˆ( )q∈B T V .  In particular, if A  is of odd order, then 

 

 ∧ =A A 0  (38.26) 
 

since from (38.25) if the order p  of A  is odd, then 

 

 
2

( 1) p∧ = − ∧ = − ∧A A A A A A  (38.27) 
 

A special case of (38.26) is the elementary result that 

 

 ∧ =v v 0  (38.28) 
 

 

which is also obvious from (38.2). 

 

 

Exercises 
 

38.1 Verify (38.6), (38.20), (38.22)1, and (38.23). 

38.2 Show that (38.23) can be rewritten as 

 

 1

1

1 1...
...

r

r

i ir r
i iδ∧ ⋅ ⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗v v v v  (38.29) 

 

where the repeated indices are summed from 1  to r . 

38.3 Show that 

 

 

1 1
1

1
1

1

( ,..., ) det

r

r
r

r r
r

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

v u v u

v v u u

v u v u

 (38.30) 

 

for all vectors involved. 
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38.4 Show that 

 

 1 1

1 2 1

...

...( ,..., )r r

r

i i i i
j j j jδ∧ ⋅⋅ ⋅ ∧ =e e e e  (38.31) 

 

 

for any reciprocal bases { }ie  and { }ie . 
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Section 39. Product Bases and Strict Components 
 

In the preceding section we have remarked that the space ˆ( )rT V  is generated by the set of 
all simple skew-symmetric tensors of the form 1 r∧ ⋅⋅ ⋅ ∧v v .  This generating set is linearly 
dependent, of course.  In this section we shall determine a linear1y independent generating set and 
thus a basis for ˆ( )rT V  consisting entirely of simple skew-symmetric tensors .  Naturally, we call 

such a basis a basis a product basis for ˆ( )rT V . 
 

Let { }ie  be a basis for V  as usual.  Then the simple tensors { }1 ri i⊗⋅⋅⋅⊗e e  form a product 

basis for ( )rT V .  Since ˆ( )rT V  is a subspace of ( )rT V , every element ˆ( )r∈A T V  has the 
representation 
 
 1

1...
r

r

i i
i iA= ⊗⋅⋅ ⋅⊗A e e  (39.1) 

 
where the repeated indices are summed from 1  to N , the dimension of ( )rT V .  Now, since 

ˆ( )r∈A T V , it is invariant under the skew-symmetric operator rK , namely 
 
 ( )1

1...
r

r

i i
r i i rA= = ⊗⋅⋅ ⋅⊗A A e eK K  (39.2) 

 
Then from (38.1) we can rewrite the representation (39.1) as 
 

 1

1...
1
!

r

r

i i
i iA

r
= ∧ ⋅⋅ ⋅ ∧A e e  (39.3) 

 
Thus we have shown that the set of simple skew-symmetric tensors { }1 ri i∧ ⋅⋅ ⋅ ∧e e  already forms a 

generating set for ˆ( )rT V . 
 

The generating set { }1 ri i∧ ⋅⋅ ⋅ ∧e e  is still not linearly independent, however.  This fact is 

easily seen, since the wedge product is skew-symmetric, as shown by (38.6).  Indeed, if 1i  and 2i  
are equal, then 1 ri i∧ ⋅⋅ ⋅ ∧e e  must vanish.  In general if σ  is any permutation of { }1,..., r , then 

(1) ( )ri iσ σ∧ ⋅ ⋅ ⋅ ∧e e  is linearly related to 1 ri i∧ ⋅⋅ ⋅ ∧e e  by 
 
 (1) ( ) 1r ri i i iσ σ

σε∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧e e e e  (39.4) 
 
Hence if we eliminate the redundant elements of the generating set { }1 ri i∧ ⋅⋅ ⋅ ∧e e  by restricting the 

range of the indices 1( ,..., )ri i  in such a way that 
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 1 ri i< ⋅⋅ ⋅ <  (39.5) 
 
 
the resulting subset { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  remains a generating set of ˆ( )rT V .  The next theorem 

shows that this subset is linearly independent and thus a basis for ˆ( )rT V , called the product basis. 
 
Theorem 39.1.  The set { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  is  linearly independent. 

 
Proof. Suppose that the set { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  obeys the homogeneous linear equation 

 
 1

1

1

...
r

r

r

i i
i i

i i

C
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧∑ e e  (39.6) 

 
where { }1... 1,

ri i rC i i< ⋅⋅ ⋅ <  are scalars, and where the summation is taken over all indices 1,..., ri i  

from 1 to N  subject to the condition (39.5).  Then we must show that 
1... ri iC  vanishes completely.  

From (38.31), if we evaluate the tensor (39.6) at the argument ( )1
,...,

ri ie e , where { }je  denotes the 

reciprocal basis of { }ie  as usual, we get 
 
 1

1 1

1

...
... ... 0r

r r

r

i i
i i j j

i i

C δ
<⋅⋅⋅<

=∑  (39.7) 

 
for all 1,..., rj j  ranging from 1  to N .  In particular, if we choose 1 rj j< ⋅⋅ ⋅ < , then the summation 
reduces to only one term, namely 

1... rj jC  and the equation yields 
 
 

1... 0
rj jC =  

 
which is the desired result. 
 

It is easy to see that there are only 
N
r
⎛ ⎞
⎜ ⎟
⎝ ⎠

 number of elements in the product basis 

 
 { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  (39.8) 

 
Thus we have 
 

 !ˆdim ( )
!( )!r

N N
r r N r
⎛ ⎞

= =⎜ ⎟ −⎝ ⎠
T V  (39.9) 

 
In particular, we recover the coro11ary of Theorem 36.1, that is 
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 ˆdim ( ) 0r =T V  
 
if r N> . 
 

Returning now to the representation (39.3) for an arbitrary skew-symmetric tensor 
ˆ( )r∈A T V , we can rewrite that representation as 

 
 1

1

1

...
r

r

r

i i
i i

i i

A
<⋅⋅⋅<

= ∧ ⋅ ⋅ ⋅ ∧∑A e e  (39.10) 

 
The reason that we can replace the full summation in (39.3) by the restricted summation is because 
for each increasing r-tuple 1( ,..., )ri i  there are precisely !r  permutations of { }1,..., ri i .  Further, their 
corresponding !r  terms in the full summation (39.3) are all equal to one another, since both 

1... ri iA  

and 1 ri i∧ ⋅⋅ ⋅ ∧e e  are completely skew-symmetric in the indices 1( ,..., )ri i , so for any permutation σ  
of { }1,..., ri i  we have 
 
 (1) ( ) 1 1

(1) ( ) 1 1

2
... ... ...

r r r

r r r

i i i i i i
i i i i i iA A Aσ σ

σ σ σε∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧e e e e e e  
 
In view of (39.10), we see that the scalars 
 
 { }1... 1,

ri i rA i i< ⋅⋅ ⋅ <  
 
are the components of A  relative to the product basis (39.8).  For definiteness, we call these 
scalars the strict components of A . 
 

As an illustration of this concept, let us compute the strict components of the simple skew-
symmetric tensor 1 ˆ( )r

r∧ ⋅⋅ ⋅ ∧ ∈v v T V .  As usual we represent the vector iv  in component form 

relative to { }je  by 
 
 i i j

jv=v e  
 
for all 1,...,i r= .  Using the skew-symmetry of the wedge product, we have 
 
 1 1 1

1 1 1

1

...1 1 1
...

r r r

r r r

r

j j j j i ir r r
j j j j i i

i i

v v v v δ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧∑v v e e e e  (39.11) 

 
which means that the strict components of 1 r∧ ⋅⋅ ⋅ ∧v v  are 
 
 { }1

1 1

...1
... 1,r

r r

j jr
j j i i rv v i iδ⋅ ⋅ ⋅ < ⋅ ⋅ ⋅ <  
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Next, we consider the transformation rule for the strict components in general. 

 
Theorem 39.2.  Under a change of basis from { }je  to { }ˆ je , the strict components of a tensor 

ˆ( )r∈A T V  obey the transformation rule 
 
 1

1 1 1

1

...
... ... ...

ˆ r

r r r

r

i i
j j j j i i

i i

A T A
<⋅⋅⋅<

= ∑  (39.12) 

 
where 1

1

...
...

r

r

i i
j jT  is an r r×  minor of the transformation matrix i

jT⎡ ⎤⎣ ⎦  as defined by (21.21).  Of course, 
i
jT  is given by 

 
 i i

j jT = ⋅e e  
 
as usual [cf. (31.21)], where { }ˆ je  is the reciprocal basis of { }ˆ je . 
 
Proof. Since the strict components are nothing but the ordinary tensor components restricted to the 
subset of indices in increasing order [cf. (39.5)], we can compute their values in the usual way by 
 
 

1 1...
ˆ ˆ ˆ( ,..., )

r rj j j jA = A e e  (39.13) 
 
Substituting the strict component representation (39.10) into (39.13) and making use of the formula 
(38.30) we obtain 
 

 

( )1

1 1 1

1

1 1

1

1

1

1

... ...

...

ˆ ˆ ˆ,...,

ˆ ˆ

det

ˆ ˆ

r

r r r

r

r

r

r

r r

r

i i
j j i i j j

i i

i i
j j

i i
i i

i i
j j

A A

A

<⋅⋅⋅<

<⋅⋅⋅<

= ∧ ⋅ ⋅ ⋅ ∧

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅=
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

∑

∑

e e e e

e e e e

e e e e

 

 
which is the desired result. 
 
From (21.25), we can write the transformation rule (39.12) in the form 
 
 ( )1

1 1 1

1

...
... ... ...

ˆ ˆdet cof r

r r r

r

j ja
j j b i i i i

i i

A T T A
<⋅⋅⋅<

⎡ ⎤= ⎣ ⎦ ∑  (39.14) 

 
As al1 illustration of (39.12), take r N= .  Then (39.9) implies 



Sec. 39 • Product Bases and Strict Components 267 

 
 ˆdim ( ) 1N =T V  (39.15) 
 
And (39.12) reduces to 
 
 12... 12...

ˆ det i
N j NA T A⎡ ⎤= ⎣ ⎦  (39.16) 

 
Comparing (39.16) with (33.15), we see that the strict component of an N-vector transforms 
according to the rule of an axial scalar of weight 1 [cf. (33.35)].  N-vectors are also called densities 
or density tensors. 
 

Next take 1r N= − .  Then (39.9) implies that 
 
 1

ˆdim ( )N N− =T V  (39.17) 
 
In this case the transformation rule (39.12) can be rewritten as 
 
 ˆ ˆdetk i k l

j lA T T A⎡ ⎤= ⎣ ⎦  (39.18) 
 
where the quantities ˆ kA  and lA  are defined by 
 
 12... ..

ˆ ( 1)k N k
k NA A−≡ −  (39.19) 

 
and similarly 
 
 12... ..( 1)l N l

l NA A−≡ −  (39.20) 
 
Here the symbol ˘ over k  or l  means k  or l  are deleted from the list of indices as before.  To 
prove (39.18), we make use of the alternative form (39.14), obtaining 
 
 ( )12... ...

12... ... 12... ... 12... ...
ˆ ˆdet cofa k N

bk N l N l N
l

A T T A⎡ ⎤= ⎣ ⎦∑  

 
Multiplying this equation by ( 1)N k−−  and using the definitions (39.19) and (39.20), we get 
 
 ( )12... ...

12... ...
ˆ ˆdet ( 1) cofk a k l k N l

b l N
l

A T T A+⎡ ⎤= −⎣ ⎦∑  

 
But now from (21.23), it is easy to see that the cofactor of the ( 1)( 1)N N− −  minor 12... ...

12... ...
ˆ k N

l NT  in the 

matrix ˆ a
bT⎡ ⎤⎣ ⎦  is simply ( 1)k l+−  times the element ˆ k

lT .  Thus (39.18) is proved. 
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From (39.19) or (39.20) we see that the quantities ˆ kA  and lA , like the strict components 

12... ...
ˆ

k NA  and 12... ...l NA  characterize the tensor A  completely.  In view of the transformation rule 

(39.18), we see that the quantity lA  transforms according to the rule of the component of an axial 
vector of weight 1 [cf. (33.35)]. ( 1)N −  vectors are often called (axial) vector densities. 
 

The operation given by (39.19) and (39.20) can be generalized to ˆ ( )N r−T V  in general.  If 

1... N ri iA
−

 is a strict component of ˆ ( )N r−∈A T V , then we define a quantity 1... rj jA  by 
 

 

1 11

1

1

1 1

1

... ......
...

... ...
...

1
( )!

N r rr

N r

N r

N r r

N r

i i j jj j
i i

i i

i i j j
i i

A A

A
N r

ε

ε

−

−

−

−

−

<⋅⋅⋅<

=

=
−

∑
 (39.21) 

 
When 1r = , (39.21) reduces to (39.20).  Recall that 1... Ni iε  transforms according to the rule of an 
axial contravariant tensor of order N and weight 1.  Moreover, since 1... rj jA  is skew-symmetric in 

1( ,..., )rj j , we can write the transformation rule as 
 
 1 1 1

1

1

... ... ...
...

ˆ ˆdetr r r

r

r

j j j j i ia
b i i

i i

A T T A
<⋅⋅⋅<

⎡ ⎤= ⎣ ⎦ ∑  (39.22) 

 
where 1

1

...
...

ˆ r

r

j j
i iT  is an r r×  minor of the transformation matrix a

bT⎡ ⎤⎣ ⎦ .  When 1r = , (39.22) reduces to 
(39.18). 
 

As an illustration of (39.20), we take 3N = ;  then (39.20) yields 
 
 1 2 3

23 13 12, ,A A A A A A= = − =  (39.23) 
 
As we shall see, this operation is closely related to the classical operation of cross product (or 
vector product) which assigns an axial vector to a skew- symmetric two-vector on a three-
dimensional space. 
 

Before closing this section, we note here a convenient condition for determining whether or 
not a given set of vectors is linearly dependent by examining their wedge product. 
 
Theorem 39.3.  A set of r  vectors { }1,..., rv v  is linearly dependent if and only if their wedge 
product vanishes, i.e., 
 
 1 r∧ ⋅⋅ ⋅ ∧ =v v 0  (39.24) 
 
Proof. Necessity is obvious, since if { }1,..., rv v  is linearly dependent, then at least one of the 
vectors can be expressed as a linear combination of the other vectors, say 
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 1 1

1 1
r r

rα α −
−= + ⋅ ⋅ ⋅ +v v v  (39.25) 

 
Then (39.24) follows because 
 

 
1

1 1 1

1

r
r r j

j
j

α
−

−

=

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ =∑v v v v v 0  

 
as required by the skew symmetry of the wedge product.  Converse1y, if { }1,..., rv v  is linearly 

independent, then it can be extended to a basis { }1,..., Nv v  (cf. Theorem 9.8).  From Theorem 39.1, 

the simple skew-symmetric tensor 1 N∧ ⋅⋅ ⋅ ∧v v  forms a basis for the one-dimensional space 
ˆ ( )NT V  and thus is nonzero, so that this factor 1 r∧ ⋅⋅ ⋅ ∧v v  is also nonzero. 

 
Corollary.  A set of N  covectors { }1,..., Nv v  is a basis for V  if and only if 1 N∧ ⋅⋅ ⋅ ∧ ≠v v 0 . 
 
 
Exercises 
 
39.1 Show that the product basis of ˆ( )rT V  satisfies the following transformation rule: 
 
 1 1 1

1

1

...
... ˆ ˆr r r

r

r

i i i i j j
j j

j j

T
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e e  (39.26) 

 
 

re1ative to any change of basis from { }ˆ ie  to { }je  with transformation matrix i
jT⎡ ⎤⎣ ⎦ . 

39.2 For the skew-symmetric tensor space ˆ( )rT V  it is customary to define the inner produce 
 
 ˆ ˆ: ( ) ( )r r∗ × →T V T V R  (39.27) 
 

by requiring the product basis of an orthonormal basis be orthonormal with respect to ∗ .  In 
other words, relative to an orthonormal basis { }1,..., Ni i  the inner produce ∗A B  of any 

ˆ, ( )r∈A B T V  is given by 
 
 

1 1

1

... ...r r

r

i i i i
i i

A B
<⋅⋅⋅<

∗ = ∑A B  (39.28) 

 
Show that this inner product is related to the ordinary inner product ⋅  on ˆ( )rT V , regarded 
as a subspace of ( )rT V , by 
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 1
!r

∗ = ⋅A B A B  (39.29) 

 
 

for all ˆ, ( )r∈A B T V . 
39.3 Relative to the inner product ∗ , show that 
 

 ( ) ( )

1 1 1

1 1

1

det

r

r r

r r r

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

v u v u

v v u u

v u v u

 (39.30) 

 
 

for all simple skew- symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v  and 1 r∧ ⋅⋅ ⋅ ∧u u  in ˆ( )rT V . 

39.4 Relative to the product basis of any basis { }ie , show that the inner product ∗A B  has the 
representation 

 

 

1 1 1

1 1

1
1

1

... ...det

r

r r

r
r

r r r

i j i j

i i j j
i i
j j

i j i j

e e

A B

e e

<⋅⋅⋅<
<⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∗ = ⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑A B  (39.31) 

 
 

where ije  is given by 
 
 ij i je = ⋅e e  (39.32) 
 

as before [cf. (14.8)].  In particular, if { }ie  is orthonormal, then ij ije δ=  and (39.31) 
reduces to (39.28). 

39.5 Prove the transformation rule (39.22).
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Section 40. Determinant and Orientation 
 

In the preceding section we have shown that the strict component of an N-vector over an N- 
dimensional space V  transforms according to the rule of an axial scalar of weight 1.  For brevity, 
we call an N-vector simply a density or a density tensor.  From (39.15), the space ˆ ( )NT V  of 

densities on V  is one-dimensional, and for any basis { }ie  a product basis for ˆ ( )NT V  is 
1 N∧ ⋅⋅ ⋅ ∧e e .  If D  is a density, then it has the representation 

 
 1

12...
N

ND= ∧ ⋅⋅ ⋅ ∧D e e  (40.1) 
 
where the strict component 12...ND  is given by 
 
 ( )12... 1,...,N ND = D e e  (40.2) 
 
{ }ie  being the reciprocal basis of { }je  as usual.  The representation (40.1) shows that every 
density is a simple skew-symmetric tensor, e.g., we can represent D  by 
 
 ( )1

12...
N

ND= ∧ ⋅⋅ ⋅ ∧D e e  (40.3) 
 
This representation is not unique, of course. 
 

Now if A  is an endomorphism of V , we can define a linear map 
 
 ˆ ˆ: ( ) ( )N Nf →T V T V  (40.4) 
 
by the condition 
 
 ( ) ( ) ( )1 1N Nf ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧v v Av Av  (40.5) 
 
for all 1,..., N ∈v v V .  We can prove the existence and uniqueness of the linear map f  by the 
universal factorization property of ˆ ( )NT V  as shown by Theorem 38.1.  Indeed, we define first the 
skew-symmetric multilinear map 
 
 ˆ: ( )NF ×⋅⋅ ⋅× →V V T V  (40.6) 
 
by 
 
 ( ) ( ) ( )1 1,..., N NF = ∧ ⋅⋅ ⋅ ∧v v Av Av  (40.7) 
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where the skew symmetry and the multilinearity of F  are obvious.  Then from (38.10) we can 
define a unique linear map f  of the form (40.4) such that 
 
 F f= ∧  (40.8) 
 
which means precisely the condition (40.5). 
 

Since ˆ ( )NT V  is one-dimensional, the linear map f  must have the representation 
 
 ( )1 1N Nf α∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧v v v v  (40.9) 
 
where α  is a scalar uniquely determined by f  and hence A .  We claim that 
 
 detα = A  (40.10) 
 
Thus the determinant of A  can be defined free of any basis by the condition 
 
 ( ) ( )1 1(det )N N∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧Av Av A v v  (40.11) 
 
 
for all 1,..., N ∈v v V . 
 

To prove (40.10), or, equivalently, (40.11), we choose reciprocal basis { }ie  and { }ie  for V  
and recall that the determinant of A  is given by the determinant of the component matrix of A .  
Let A  be represented by the component forms 
 
 ,j i i j

i i j jA A= =Ae e Ae e  (40.12) 
 
where (40.12)2 is meaningful because V  is an inner product space.  Then, by definition, we have 
 
 det det detj i

i jA A⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦A  (40.13) 
 
Substituting (40.12)2 into (40.5), we get 
 
 ( ) 1

1

1 1 N

N

jjN N
j jf A A∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧e e e e  (40.14) 

 
The skew symmetry of the wedge product implies that 
 
 11 ,,, 1N Nj j jj Nε∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧e e e e  (40.15) 
 
where the ε  symbol is defined by (20.3).  Combining (40.14) and (40.15), and comparing the 
resu1t with (40.9), we see that 
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 1

1

,,,1 1 1N

N

j jN N N
j jA Aα ε∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧e e e e  (40.16) 

 
or equivalently 
 
 1

1

,,,1 N

N

j jN
j jA Aα ε= ⋅⋅ ⋅  (40.17) 

 
since 1 N∧ ⋅⋅ ⋅ ∧e e  is a basis for ˆ ( )NT V .  But by definition the right-hand side of (40.17) is equal to 

the determinant of the matrix i
jA⎡ ⎤⎣ ⎦  and thus (40.10) is proved. 

 
As an illustration of (40.11), we see that 

 
 det 1=I  (40.18) 
 
 
since we have 
 
 ( ) ( )1 1 1(det )N N N∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧Iv Iv v v I v v  
 
More generally, we have 
 
 det( ) Nα α=I  (40.19) 
 
Since 
 
 ( ) ( ) ( ) ( )1 1 1N N N Nα α α α α∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧Iv Iv v v v v  
 
 
It is now also obvious that 
 
 det( ) (det )(det )=AB A B  (40.20) 
 
since we have 
 

 
( ) ( ) ( ) ( )1 1

1

(det )

(det )(det )

N N

N

∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧

= ∧ ⋅⋅ ⋅ ∧

ABv ABv A Bv Bv

A B v v
 

 
for all 1,..., N ∈v v V .  Combining (40.19) and (40.20), we recover also the formula 
 
 det( ) (det )Nα α=A A  (40.21) 
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Another application of (40.11) yields the result that A  is non-singular if and only if det A  
is non-zero.  To see this result, notice first the simple fact that A  is non-singular if and only if A  
transforms any basis { }je  of V  into a basis { }jAe  of V .  From the corollary of Theorem 39.3, 

{ }jAe  is a basis of V  if and only if ( ) ( )1 N∧ ⋅⋅ ⋅ ∧ ≠Ae Ae 0 .  Then from (40.11), 

( ) ( )1 N∧ ⋅⋅ ⋅ ∧ ≠Ae Ae 0  if and only if det 0≠A .  Thus det 0≠A  is necessary and sufficient for A  
to be non-singular. 
 

The determinant, of course), is just one of the invariants of A .  In Chapter 6, Section 26, 
we have introduced the set of fundamental invariants { }1,..., Nμ μ  for A  by the equation 
 
 ( ) 1

1 1det N N
N Nt t t tμ μ μ−
−+ = + + ⋅ ⋅ ⋅ + +A I  (40.22) 

 
Since we have shown that the determinant of any endomorphism can be characterized by the 
condition (40.11), if we apply (40.11) to the endomorphism t+A I , the result is 
 
 ( ) ( ) ( )1 1 1 1

1 1
N N N N N

N Nt t t t tμ μ μ−
−+ ∧ ⋅⋅ ⋅ ∧ + = + + ⋅⋅ ⋅ + + ∧ ⋅ ⋅ ⋅ ∧Av v Av v v v  

 
Comparing the coefficient of N kt −  on the two sides of this equation, we obtain 
 
 1 2

1

1 1 K

K

i i iN N
K

i i

μ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧∑v v v Av Av Av v  (40.23) 

 

where there are precisely 
N
K

⎛ ⎞
⎜ ⎟
⎝ ⎠

 terms in the summation on the right hand side of (40.23), each 

containing K  factors of A  acting on the covectors 1 ,..., Ki iv v .  In particular, taking K N= , we 
recover the result 
 
 ( ) ( )1 1N N

Nμ ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧v v Av Av  
 
which is the same as (40.11) since 
 
 detNμ = A  
 
Likewise, taking 1K = , we obtain 
 

 1 1
1

1

N
N i N

i

μ
=

∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ⋅⋅ ⋅ ∧∑v v v Av v  (40.24) 

 
which characterizes the trace of A  free of any basis, since 
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 1 trμ = A  
 
Of course, we can prove the existence arid the uniqueness of Kμ  satisfying the condition (40.23) 
by the universal factorization property as before. 
 

Since the space ˆ ( )NT V  is one-dimensional, it is divided by 0  into two nonzero segments.  
Two nonzero densities 1D  and 2D  are in the same segment if they differ by a positive scalar factor, 
say 2 1λ=D D , where 0λ > .  Conversely, if 1D  and 2D  differ by a negative scalar factor, then they 

belong to different segments.  If { }ie  and { }ˆ ie  are two basis for V , we define their corresponding 

product basis 1 N∧ ⋅⋅ ⋅ ∧e e  and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  for ˆ ( )NT V  as usual;  then we say that { }ie  and { }ˆ ie  

have the same orientation and that the change of basis is a proper transformation  if 1 N∧ ⋅⋅ ⋅ ∧e e  
and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  belong to the same segment of ˆ ( )NT V .  Conversely, opposite orientation and 
improper transformation are defined by the condition that 1 N∧ ⋅⋅ ⋅ ∧e e  and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  belong to 
different segments of ˆ ( )NT V .  From (39.26) for the case r N= , the product basis 1 N∧ ⋅⋅ ⋅ ∧e e  and 

1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  are related by 
 
 1 1ˆ ˆdetN i N

jT⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦e e e e  (40.25) 
 
Consequently, the change of basis is proper or improper if and only if det i

jT⎡ ⎤⎣ ⎦  is positive or 
negative, respectively. 
 

It is conventional to designate one segment of ˆ ( )NT V  positive and the other one negative.  

Whenever such a designation has been made, we say that ˆ ( )NT V  and, thus, V , are oriented.  For 

an oriented space V  a basis { }ie  is positively oriented or right-handed if its product basis 
1 N∧ ⋅⋅ ⋅ ∧e e  belongs to the positive segment of ˆ ( )NT V ;  otherwise, the basis is negatively oriented 

or left-handed.  It is customary to restrict the choice of basis for an oriented space to positively 
oriented bases only.  Under such a restriction, the parity ε  [cf, (33.35)] of all relative tensors 
always has the value 1+ , since the transformation is restricted to be proper.  Hence, in this case it is 
.not necessary to distinguish relative tensors into axial ones and polar ones. 
 

As remarked in Exercise 39.2, it is conventional to use the inner product ∗  defined by 
(39.29) for skew-symmetric tensors.  For the space of densities ˆ ( )NT V  the inner product is given 
by [cf. (39.31)] 
 
 12... 12...det ij

N Ne A B⎡ ⎤∗ = ⎣ ⎦A B  (40.26) 
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where 12...NA  and 12...NB  are the strict component of A  and B  as defined by (40.2).  Clearly, there 

exists an unique unit density with respect to ∗  in each segment of ˆ ( )NT V .  If ˆ ( )NT V  is oriented, 
the unit density in the positive segment is usually denoted by E , then the unit density in the 
negative segment is −E .  In general, if D  is any density in ˆ ( )NT V , then it has the representation 
 
 d=D E  (40.27) 
 
In accordance with the usual practice, the scalar d  in (40.27), which is the component of D  
relative to the positive unit density E , is also called a density or more specifically a density scalar, 
as opposed to the term density tensor for D .  This convention is consistent with the common 
practice of identifying a scalar α  with an element 1α  in R , where R  is, of course, an oriented 
one-dimensional space with positive unit element 1 . 
 

If { }ie  is a basis in an oriented space V , then we define the density e∗  of { }ie  to be the 

component of the product basis 1 N∧ ⋅⋅ ⋅ ∧e e  relative to E , namely 
 
 1 N e∗∧ ⋅ ⋅ ⋅ ∧ =e e E  (40.28) 
 
In other words, e∗  is the density of the product basis of { }ie .  Clearly, { }ie  is positively oriented or 

negatively oriented depending on whether its density e∗  is positive or negative, respectively.  We 
say that a basis { }ie  is unimodular if its density has unit absolute value. i.e., 1e∗ = .  All 
orthonormal bases, right-handed or left-handed, are always unimodular.  A unimodular basis in 
general need not be orthonormal, however. 
 

From (40.28) and (40.26), we have 
 
 

2

det ije e e e∗ ∗ ∗ ⎡ ⎤= ∗ = ⎣ ⎦E E  (40.29) 
 
for any basis { }ie .  Hence the absolute density e∗  of { }ie  is given by 
 

 ( )1/ 2
det ije e∗ ⎡ ⎤= ⎣ ⎦  (40.30) 

 
Substituting (40.30) into (40.28), we have 
 

 ( )1/ 21 detN ijeε ⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦e e E  (40.31) 

 
where ε  is 1+  if { }ie  is positively oriented and it is 1−  if { }ie  is negatively oriented. 
 

From (40.25) and (40.27) the density of a basis transforms according to the rule 
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 ˆdet i

je T e∗ ∗⎡ ⎤= ⎣ ⎦  (40.32) 
 
under a change of basis from { }je  to { }ˆ je .  Comparing (40.32) with (33.35), we see that the 
density of a basis is an axial relative scalar of weight 1− . 
 

An interesting property of a unit density ( E  or −E ) is given by the following theorem. 
 
Theorem 40.1.  If U  is a unit density in ˆ ( )NT V , then 
 
 ( ) ( )1 1 detN N i j⎡ ⎤ ⎡ ⎤ ⎡ ⎤∗ ∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = ⋅⎣ ⎦⎣ ⎦ ⎣ ⎦U v v U u u v u  (40.33) 

 
for all 1,..., Nv v  and 1,..., Nu u  in V . 
 
Proof. Clearly we can represent U  as the product basis of an orthonormal basis, say { }ki , with 
 
 1 N= ∧ ⋅⋅ ⋅ ∧U i i  (40.34) 
 
 
From (40.34) and (39.30), we then have 
 
 ( )1 det detN i i

j jv⎡ ⎤ ⎡ ⎤∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ =⎣ ⎦ ⎣ ⎦U v v i v  
 
and 
 
 ( )1 det detN i i

j ju⎡ ⎤ ⎡ ⎤∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ =⎣ ⎦ ⎣ ⎦U u u i u  
 
where i

jv  and i
ju  are the j th components of iv  and iu  relative to { }ki , respectively.  Using the 

product rule and the transpose rule of the determinant, we then obtain 
 

 

( ) ( )

( )
1 1

1

det det

det det det

det det

N N i k
j l

T Ti k i k
j l j l

N
i i i j
k k

k

v u

v u v u

v u
=

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤∗ ∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤= = ⋅⎢ ⎥ ⎣ ⎦⎣ ⎦
∑

U v v U u u

v u

 

 
which is the desired result. 
 

By exactly the same argument, we have also the following theorem. 
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Theorem 40.2.  If U  is a unit density as before, then 
 
 ( ) ( )1 1,..., ,..., detN N i j⎡ ⎤= ⋅⎣ ⎦U v v U u u v u  (40.35) 
 
for all 1,..., Nv v  and 1,..., Nu u  in V . 
 
 
Exercises 
 
40.1 If A  is an endomorphism of V  show that the determinant of A  can be characterized by 

the following basis-free condition: 
 
 ( ) ( ) ( )1 1,..., det ,...,N N=D Av Av A D v v  (40.36) 
 

for all densities ˆ ( )N∈D T V  and all vectors 1,..., Nv v  in V . 
Note. A complete proof of this result consists of the following two parts: 

(i) There exists a unique scalar α , depending on A , such that 
 
 ( ) ( )1 1,..., ,...,N Nα=D Av Av D v v  
 

for all ˆ ( )N∈D T V  and all vectors 1,..., Nv v  in V . 
(ii) The scalar α  is equal to det A . 

40.2 Use the formula (40.36) and show that the fundamental invariants { }1,..., Nμ μ  of an 
endomorphism A  can be characterized by 

 
 ( ) ( )1

1

1 1,..., ,..., ,..., ,...,
K

K

k N i i N
i i

μ
<⋅⋅⋅<

= ∑D v v D v Av Av v  (40.37) 

 
for all 1,..., N ∈v v V  and all ˆ ( )N∈D T V .  Here the summation on the right-hand side of 

(40.37) is similar to that of (40.23), i.e., there are 
N
K

⎛ ⎞
⎜ ⎟
⎝ ⎠

 terms in the summation, each 

containing the value of D  at the argument with K  vectors 
1
,...,

Ki iv v , acted on by A .  In 
particular, taking K N= , we recover the formula (40.36), and taking 1K = , we obtain 

 

 ( ) ( )1 1
1

(tr ) ,..., ,..., ,...,
N

N i N
i=

= ∑A D v v D v Av v  (40.38) 

 
40.3 The Gramian is a function (not multilinear) G  of K  vectors defined by 
 
 ( )1,..., detN i jG ⎡ ⎤= ⋅⎣ ⎦v v v v  (40.39) 
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where the matrix i j⎡ ⎤⋅⎣ ⎦v v  is K K× , of course,  Use the result of Theorem 40.2 and show 
that 

 
 ( )1,..., 0NG ≥v v  (40.40) 
 

and that the equality holds if and only if { }1,..., Kv v  is a linear dependent set.  Note.  When 
2K = , the result (40.40) reduces to the Schwarz inequality. 

40.4 Use the results of this section and prove that 
 
 det det T=A A  
 

for an endomorphism ( ; )∈A L V V . 
40.5 Show that adjA , which is used in (26.15), can be defined by 
 
 1 2 1 2(adj ) N N∧ ∧ ⋅⋅ ⋅ ∧ = ∧ ∧ ⋅⋅ ⋅ ∧A v v v v Av Av  
 
40.6 Use (40.23) and the result in Exercise 40.5 and show that 
 
 1 tr adjNμ − = A  
 
40.7 Show that 
 

 ( )
( ) ( )

1

2

adj adj adj

det adj det

adj adj det

N

N

−

−

=

=

=

AB B A

A A

A A A

 

 
and 

 

 ( ) ( )
2( 1)det adj adj det N−=A A  

 
for , ( ; )∈A B L V V  and dimN = V . 
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Section 41. Duality 
 

As a consequence of (39.9), the dimension of the space ˆ( )rT V  is equal to that of ˆ ( )N r−T V .  

Hence the spaces ˆ( )rT V  and ˆ ( )N r−T V  are isomorphic.  The purpose of this section is to establish a 
particular isomorphism, 
 
 ˆ ˆ: ( ) ( )r r N r−→T V T VD  (41.1) 
 
called the duality operator, for an oriented space V .  As we shall see, this duality operator gives 
rise to a definition to the operation of cross product or vector product when 3N =  and 2r = . 
 

We recall first that ˆ( )rT V  is equipped with the inner product ∗  given by (39.29).  Let E  be 

the distinguished positive unit density in ˆ ( )NT V  as introduced in the preceding section.  Then for 

any ˆ( )r∈A T V  we define its dual rAD  in ˆ ( )N r−T V  by the condition 
 
 ( ) ( )r∗ ∧ = ∗E A Z A ZD  (41.2) 
 
for all ˆ ( )N r−∈Z T V .  Since the left-hand side of (41.2) is linear in Z , and since ∗  is an inner 
product, rAD  is uniquely determined by (41.2).  Further, from (41.2), rAD  depends linearly on 

A , so rD , is a linear transformation from ˆ( )rT V  to ˆ ( )N r−T V . 
 
Theorem 41.1.  The duality operator rD  defined by the condition (41.2) is an isomorphism. 
 
Proof. Since ˆ( )rT V  and ˆ ( )N r−T V  are isomorphic, it suffices to show that rD  is an isometry, i.e., 
 
 ( ) ( )r r∗ = ∗A A A AD D  (41.3) 
 
for all ˆ( )r∈A T V .  The polar identity 
 

 ( ) ( ){ }1
2

∗ = ∗ + ∗ − − ∗ −A B A A B B A B A B  (41.4) 

 
then implies that rD  preserves the inner product also; i.e., 
 
 ( ) ( )r r∗ = ∗A B A BD D  (41.5) 
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for all A  and B  in ˆ( )rT V .  To prove (41.3), we choose an arbitrary right-handed orthogonal basis 

{ }ji  of V .  Then E  is simply the product basis of { }ji  
 
 1 N= ∧ ⋅⋅ ⋅ ∧E i i  (41.6) 
 
Of course, we represent ,A Z , and rAD  in strict component form relative to { }ji  also;  then (41.2) 
can be written as 
 
 ( )

1 1 1 1 11
1 1
1

... ... ... ... ......r N r r N r N rN r
r N r

N r

i i j j i i j j r j jj j
i i j j
j j

A Z Zε
− − −−

−
−

<⋅⋅⋅< <⋅⋅⋅<
<⋅⋅⋅<

=∑ ∑ AD  (41.7) 

 
Since Z  is arbitrary, (41.7) implies 
 
 ( )

1 1 11
1

... ... ...... r N r rN r
r

r i i j j i ij j
i i

Aε
−−

<⋅⋅⋅<

= ∑AD  (41.8) 

 
This formula gives the strict components of rAD  in terms of those of A  relative to a right-handed 
orthonormal basis. 
 

From (41.8) we can compute the value of left-hand side of (41.3) by 
 

 

( ) ( )
1 1 1 1 1 1

1
1
1

1 1

1

... ... ... ... ... ...

... ...

r N r r N r r r

r
r
N r

r r

r

r r i i j j k k j j i i k k
i i
k k
j j

i i i i
i i

A A

A A

ε ε
− −

−

<⋅⋅⋅<
<⋅⋅⋅<
<⋅⋅⋅<

<⋅⋅⋅<

∗ =

= = ∗

∑

∑

A A

A A

D D

 

 
which is the desired result. 
 

Having proved that rD  is an isomorphism from ˆ( )rT V  to ˆ ( )N r−T V  relative to the inner 
product ∗ , we can now use the condition (41.2) and (41.5) to compute the inverse of rD .  Indeed, 
from the skew symmetry of the wedge product [cf. (38.25)] we have 
 
 ( )( 1)r N r−∧ = − ∧A Z Z A  (41.9) 
 
Hence (41.2) yields 
 
 ( ) ( )( )( 1)r N r

r N r
−

−∗ = − ∗A Z A ZD D  (41.10) 
 
for all ˆ( )r∈A T V  and ˆ ( )N r−∈Z T V .  On the other hand. (41.5) yields 
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 ( ) ( ) ( )1
r r

−∗ = ∗A Z A ZD D  (41.11) 
 
when we chose r =B ZD .  Comparing (41.10) with (41.11), we obtain 
 
 1 ( )( 1)r N r

r N r
− −

−= −D D  (41.12) 
 
which is the desired result. 
 

We notice that the equations (41.8) and (39.21) are very similar to each other, the only 
difference being that (39.21) applies to all bases while (41.8) is restricted to right-handed 
orthonormal bases only.  Since the quantities given by (39.21) transform according to the rule of an 
axial tensor density, while the dual rAD  is a tensor in ˆ ( )N r−T V , the formula (41.8) is no longer 

valid if the basis is not right-handed and orthogonal,  If { }ie  is an arbitrary basis, then E  is given 

by (40.31).  In this case if we represent ,A Z , and rAD  again by their strict components relative to 

{ }ie , then from (39.21) and (40.28) the condition (41.2) can be written as 
 

 ( )

11 1

1 1

1 1 11
1 1
1 1

1

... ...
... ... ......

det

N r

r N r

r N r N rN r
r N r

N r N r

N r N r N r

k jk j

i i j j
i i j j r j jk k

i i k k
j j j j

k j k j

e e

A Z e Z

e e

ε

−

−

− −−
−

− −

− − −

∗

<⋅⋅⋅< <<
<⋅⋅⋅< <⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑ ∑ AD (41.13) 

 
Since Z  is arbitrary, (41.13) implies 
 

 ( )

11 1

1 1

1 1
1 1

1

... ...
... ...

det

N r

r N r

r N r
r N r

N r N r N r

k jk j

i i j j
i i r k k

i i k k

k j k j

e e

A e

e e

ε

−

−

−
−

− − −

∗

<⋅⋅⋅< <<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑ ∑ AD  (41.14) 

 
We can solve (41.14) for the components of rAD  in the following way.  We multiply (41.14) by 
 

 

1 1 1

1

det

N r

N r N r N r

j l j l

j l j l

e e

e e

−

− − −

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦
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and sum on 1,..., N rj j −  in increasing order, then we obtain 
 

 ( )

1 1 1

1 1

11
1
1

1

... ...
......

det

N r

r N r

rN r
r

N r

N r N r N r

j l j l

i i j j
r i il l

i i
j j

j l j l

e e

A e

e e

ε

−

−

−

−

− − −

∗

<⋅⋅⋅<
<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑AD  (41.15) 

 
which is the desired result.  In deriving (41.15) we have used the identity (21.26) for the matrix 

ije⎡ ⎤⎣ ⎦  and its inverse ije⎡ ⎤⎣ ⎦  in order to obtain the formula 
 

 

11 1
1 1 1

1

1

1

1
1

...
...det det

N r
N r

N r

N r

N r

N r N r N r
N r N r N r

k jk j
j l j l

k k
l l

j j

k j k j
j l j l

e ee e

e ee e

δ

−
−

−

−

−

− − −

− − −

<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⎢ ⎥ ⋅ ⋅⋅ ⋅ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ =⋅ ⋅⋅ ⋅
⎢ ⎥⎢ ⎥ ⋅ ⋅⋅ ⋅ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ ⋅ ⋅ ⋅⋅ ⋅ ⋅⎣ ⎦ ⎣ ⎦

∑  (41.16) 

 
Equation (41.15) follows, since we have 
 
 ( ) ( )1

1 1 1
1

...
... ... ...

N r

N r N r N r
N r

k k
l l r rk k l l

k k

δ −

− − −
−<⋅⋅⋅<

=∑ A AD D  (41.17) 

 
Notice that (41.8) is a special case of (41.15) when the basis is right-handed and orthonormal, since 
in this case 1, ij ije e δ∗ = = , and, from (21.5), 
 

 

1 1 1

1

1

1

...
...det

N r

r

r

N r N r N r

j l j l

j j
l l

j l j l

δ δ

δ

δ δ

−

− − −

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥ =⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 

 
Then as in (41.17) we have 
 
 1 1 1 11

1

1

.. .. .. .....
...

r N r r N rr

r

N r

i i j j i i l lj j
l l

j j

ε δ ε− −

−<⋅⋅⋅<

=∑  

 
And thus (41.15) reduces to (41.8). 
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The duality operator can be used to define the cross product or the vector product for an 
oriented three-dimensional space.  If we take 3N = , then 2D  is an isomorphism from 2̂ ( )T V  to 

1̂( )T V  
 
 2 2 1

ˆ ˆ: ( ) ( )→ =T V T V VD  (41.18) 
 
so for any u  and ∈v V , ( )2 ∧u vD  is a vector in V .  We put 
 
 ( )2× ≡ ∧u v u vD  (41.19) 
 
called the cross product of u  with v . 
 

We now prove that this definition is consistent with the classical definition of a cross 
product.  This fact is more or less obvious.  From (41.2), we have 
 
 ( ) ( ) for all ∗ ∧ ∧ = ⋅ × ∈E u v w u v w w V  (41.20) 
 
where we have replaced the ∗  inner product on the right-hand side by the ⋅  inner product since 
×u v  and w  belong to V .  Equation (41.20) shows that 

 
 ( ) ( ) 0× ⋅ = × ⋅ =u v u u v v  (41.21)1 
 
so that ×u v  is orthogonal to v .  That equation shows also that × =u v 0  if and only if ,u v  are 
linearly dependent.  Further, if ,u v  are linearly independent, and if n  is the unit normal of u  and 
v  such that { }, ,u v n  from a right-handed basis, then 
 
 ( ) 0× ⋅ >u v n  (41,21)2 
 
which means that ×u v  is pointing in the same direction as n .  Finally, from (40.33) we obtain 
 

 

( ) ( ) ( ) ( )

( )

( )

2 2 2

2 2 2 22 2

0
det 0

0 0 1

1 cos sinθ θ

∗ ∧ ∧ ∗ ∧ ∧ = × ⋅ ×⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
⋅ ⋅⎡ ⎤

⎢ ⎥= ⋅ ⋅ = − ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

= − =

E u v w E u v w u v u v

u u u v
v u v v u v u v

u v u v

 (41.22) 

 
where θ  is the angle between u  and v .  Hence we have shown that ×u v  is in the direction of n  
and has the magnitude sinθu v , so that the definition of ×u v , based on (41.20), is consistent 
with the classical definition of the cross product. 
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From (41.19), the usual properties of the cross product are obvious; e.g., ×u v  is bilinear 

and skew-symmetric in u  and v .  From (41.8), relative to a right-handed orthogonal basis 
{ }1 2 3, ,i i i  the components of ×u v  are given by 
 
 ( ) ( )ijk i j j i ijk i jk

i j

u v u v u vε ε
<

× = − =∑u v  (41.23) 

 
where the summations on ,i j  in the last term are unrestricted.  Thus we have 
 

 

( )
( )
( )

2 3 3 21

3 1 1 32

1 2 2 13

u v u v

u v u v

u v u v

× = −

× = −

× = −

u v

u v

u v

 (41.24) 

 
On the other hand, if we use an arbitrary basis { }ie , then from (41.15) we have 
 
 ( ) ( ) ijk ijk

i j j i kj kl i jl
i j

u v u v e e e e u vε ε∗ ∗

<

× = − =∑u v  (41.25) 

 
where e∗  is given by (40.31), namely 
 
 ( )1/ 2

det ije eε∗ ⎡ ⎤= ⎣ ⎦  

 
 
Exercises 
 
41.1 If ˆ ( )N∈D T V , what is the value of N DD ? 

41.2 If { }ie  is a basis of V , determine the strict components of the dual ( )1 ri i
r ∧ ⋅⋅ ⋅ ∧e eD . 

Hint. The strict components of 1 ri i∧ ⋅⋅ ⋅ ∧e e  are { }1

1

...

... 1,r

r

i i
j j rj jδ < ⋅⋅ ⋅ <  since as in (41.17) we 

have 
 
 1 1 1

1

1

...

...
r r r

r

r

i i j j i i
j j

j j

δ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑ e e e e  (41.26) 

 
41.3 If A  is an endomorphism of a three-dimensional oriented inner product space V , show 

that 
 
 ( ) ( ) ( )det⋅ × = ⋅ ×Au Av Aw A u v w  (41.27) 
 

and if A  is invertible, show that 
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 ( ) ( )1det

T−× = ×Av Aw A A v w  (41.28) 
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Section 42. Transformation to the Contravariant Representation 
 

So far we have used the covariant representations of skew-symmetric tensors only.  We 
could, of course, develop the results of exterior algebra using the contravariant representations or 
even the mixcd representations of skew-symmetric tensors, since we have a fixed rule of 
transformation among the various representations based on the inner product, as explained in 
Section 35.  In this section, we shall demonstrate the transformation from the covariant 
representation to the contravariant representation. 

 

Recall that in general if A  is a tensor of order r , then relative to any reciprocal bases { }ie  

and { }ie  the contravariant components 1... ri iA  of A  are related to the covariant components 
1... ri iA  of 

A  by [cf. (35.21)] 

 

 1 1 2

1

...
...

r r r

r

i i i j i j
j jA e e A= ⋅⋅ ⋅  (42.1) 

 

This transforn1ation rule is valid for all rth order tensors, including skew-symmetric ones. 
However, as we have explained in Section 39, for skew-symmetric tensors it is convenient to use 
the strict components.  Their transformation rule no longer has the simple form (42.1), since the 
summations on the repeated indices 1 rj j⋅ ⋅ ⋅  on the right-hand side of (42.1) are unrestricted.  We 
shall now derive the transformation rule between the contravariant and the covariant strict 
components of a skew-symmetric tensor. 

 

Recall that the strict components of a skew-symmetric tensor are simply the ordinary 
components restricted to an increasing set of indices, as shown in (39.10).  In order to obtain an 
equivalent form of (42.1) using the strict components of A  only, we must replace the right-hand 
side of that equation by a restricted summation.  For this purpose we use the identity [cf. (37.26)] 

 

 1

1 1 1 1

...
... [ ... ] ... ...

1
!

r

r r r r

k k
j j j j j j k kA A A

r
δ= =  (42.2) 

 

where, by assumption, A  is skew-symmetric.  Substituting (42.2) into (42.1), we obtain 

 

 1 1 1 1

1 1

.. ...
... ...

1
!

r r r r

r r

i i k k i j i j
j j k kA e e A

r
δ= ⋅⋅ ⋅  (42.3) 
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Now, since the coefficient of 
1... rk kA  is skew-symmetric, we can restrict the summations on 1 rk k⋅ ⋅ ⋅  

to the increasing order by removing the factor 1
!r , that is 

 

 1 1 1 1

1 1

1

.. ...
... ...

r r r r

r r

r

i i k k i j i j
j j k k

k k

A e e Aδ
<⋅⋅⋅<

= ⋅ ⋅ ⋅∑  (42.4) 

 

This is the desired transformation rule from the covariant strict components to the contravariant 
ones.  Clearly, the inverse of (42.4) is 

 

 1 1

1 1 1 1

1

... ...
.. ...

r r

r r r r

r

j j k k
i i k k i j i j

k k

A e e Aδ
<⋅⋅⋅<

= ⋅ ⋅ ⋅∑  (42.5) 

 

which is the transformation rule from the contravariant strict components to the covariant ones. 

 

From (21.21) we see that (42.4) is equivalent to 

 

 

1 1 1

1

1

1 1 1

1

1

1

.. .. , ...
...

...det

r r r

r

r

r

r

r

r r r

i i i i k k
k k

k k

i k i k

k k
k k

i k i k

A e A

e e

A

e e

<⋅⋅⋅<

<⋅⋅⋅<

=

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑

∑
 (42.6) 

 

while (42.5) is equivalent to 

 

 

1

1 1 1

1

1 1 1

1

1

1

...
.. .. , ...

...det

r

r r r

r

r

r

r

r r r

k k
i i i i k k

k k

i k i k

k k

k k

i k i k

A e A

e e

A

e e

<⋅⋅⋅<

<⋅⋅⋅<

=

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⋅ ⋅⎢ ⎥=

⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑

∑
 (42.7) 

 

In particular, when r N= , we have 
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 1... 1...
1... 1...det , detN ij N

N N ijA e A A e A⎡ ⎤ ⎡ ⎤= = ⎣ ⎦⎣ ⎦  (42.8) 
 

From the transformation rules (42.6) and (42.7), or directly from the skew-symmetry of the 
wedge product, we see that the product basis of any reciprocal bases { }ie  and { }ie  obeys the 
following transformation rules: 

 

 

1 1 1

1

1

1

1

det

r

r

r

r

r r r

i k i k

i i
k k

k k

i k i k

e e

e e

<⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑e e e e  (42.9) 

 

and 

 

 

1 1 1

1

1

1

1

det

r

r

r

r

r r r

i k i k

k k
i i

k k

i k i k

e e

e e

<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⋅ ⋅⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧

⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑e e e e  (42.10) 

 

In deriving (42.9) and (42.10) we have used the fact that the strict covariant components of 
1 ri i∧ ⋅⋅ ⋅ ∧e e  are 

 

 { }1

1

...

... 1,r

r

i i
j j rj jδ < ⋅⋅ ⋅ <  

 

and, likewise, the strict contravariant components of 
1 ri i∧ ⋅⋅ ⋅ ∧e e  are 

 

 { }1

1

...
... 1,r

r

j j
i i rj jδ < ⋅ ⋅ ⋅ <  

 

as shown by (41.26). If we apply (42.9) and (42.10) to the product bases 1 N∧ ⋅⋅ ⋅ ∧e e  and 
1 N∧ ⋅⋅ ⋅ ∧e e , we get 
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1

1

1
1

det

det

N ij
N

N
N ij

e

e

⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦
⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦

e e e e

e e e e
 (42.11) 

 

The product bases 

 

 { } { }1

11 1, and ,r

r

i i
r i i ri i i i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ < ∧ ⋅ ⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e e e  

 

are reciprocal bases with respect to the inner product ∗ , since from (39.30) we have 

 

 ( ) ( )

1 1

1

1 1

1 1

1

...

...det

r

r r

r r

ir
r

r

i i
j j

i i i i
j j j j

i
j j

δ δ

δ

δ δ

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = =
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

e e e e  (42.12) 

 

In particular, when r N=  we have 

 

 ( ) ( )1
1 1N

N∧ ⋅⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ =e e e e  (42.13) 
 

From (42.12), we can compute the ∗  inner product of any two rth order skew-symmetric tensors 

 

 1 1

1 1

1 1

... ...
... ...

r r

r r

r r

k k k k
k k k k

k k k k

A B A B
<⋅⋅⋅< <⋅⋅⋅<

∗ = =∑ ∑A B  (42.14) 

 

These formulas are equivalent to the formula (39.31), which is based on the covariant strict 
components of A  and B . 

 

For an oriented space we have defined the density e∗  of a basis { }ie  to be the components 

of 1 N∧ ⋅⋅ ⋅ ∧e e  relative to the positive unit density E , namely 

 

 1 N e∗∧ ⋅ ⋅ ⋅ ∧ =e e E  (42.15) 
 

as shown by (40.28).  Clearly we can define a similar component for the basis { }ie , namely 
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 1 N e∧ ⋅⋅ ⋅ ∧ =e e E  (42.16) 
 

Further, from (42.13) the components e  and e∗  are related by 

 

 1ee∗ =  (42.17) 
 

In view of this relation, we call e  the volume of { }ie .  Then { }ie  is positively oriented or right-

handed if its volume e  is positive;  otherwise, { }ie  is negatively oriented or left-handed.  As 

before, a unimodular basis { }ie  is defined by the condition that the absolute volume e  is equal to 
unity. 

 

We can compute the absolute volume by 

 

 2 det ije e⎡ ⎤= ⎣ ⎦  (42.18) 
 

or equivalently 

 

 ( )1/ 2
det ije e⎡ ⎤= ⎣ ⎦  (42.19) 

 

The proof is the same as that of (40.29) and (40.30).  Substituting (42.19) into (42.17), we have 
also 

 

 ( )1/ 2

1 detN ijeε ⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦e e E  (42.20) 

 

where ε  is +  if { }ie  is positively oriented and it is −  if { }ie  is negatively oriented. 

 

Using the contravariant components, we can simplify the formulas of the preceding section 
somewhat;  e.g., from (42.6) we can rewrite (41.15) as 

 

 ( ) 1 1 1

1

1

... ... ...
...

N r r N r

r

r

j j i i j j
r i i

i i

A e ε− −∗

<⋅⋅⋅<

= ∑AD  (42.21) 
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which is equivalent to 

 

 ( ) 1

1 11
1

...
... ......

r

r N rN r
r

i i
r i i j jj j

i i

A eε
−−

<⋅⋅⋅<

= ∑AD  (42.22) 

 

Similarly, (41.25) can be rewritten as 

 

 ( )k ijk
i je u vε∗× =u v  (42.23) 

 

which is equivalent to 

 

 ( ) i j
ijkk

e u vε× =u v  (42.24) 
 

 

Exercises 
 

42.1 Prove the formula (42.22). 

42.2 Use the result of Exercise 41.2 or the transformation rules (42.21)and (42.22) and show that 

 

 ( ) 1 11

1

1

... ...r N rr

N r

r

i i j ji i
r j j

j j

e ε −

−

∗

<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e eD  (42.25) 

 

which is equivalent to 

 

 ( ) 1

1 1 1

1

... ...
N r

r r N r

r

jj
r i i i i j j

j j

e ε −

−

∗

<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e eD  (42.26) 

 

42.3 Show that has the representations 

 

 1 1

1 1

...
...

1
N N

N N

i i jj
i i j je

e
ε ε= ⊗⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗E e e e e  (42.27) 

 

 

where 
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 1 1 1

1

...
...

1
N N N

N

i i i ji j
j je e e

e
ε ε= ⋅ ⋅ ⋅  (42.28) 

 

and 

 

 ( )1/ 2
det ije eε ⎡ ⎤= ⎣ ⎦  (42.29) 
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Linear equations, 9, 142-143 

Linear functions, 203-212 

Linear independence of vectors, 46, 47 

Linear transformations, 85-123 

Logarithm of an endomorphism, 170 

Lower triangular matrix, 6 

 

Maps 

 Continuous, 302 

 Differentiable, 302 

Matrix 

adjoint, 8, 154, 156, 279 

block form, 146 

column rank, 138 

diagonal elements, 4, 158 

identity, 6 

inverse of, 6 

nonsingular, 6 

of a linear transformation, 136 

product, 5 

row rank, 138 

skew-symmetric, 7 

square, 4 

trace of, 4 

transpose of, 7 

triangular, 6 

zero, 4 

Maximal Abelian subalgebra, 487 

Maximal Abelian subgroup, 486 

Maximal linear independent set, 47 

Member of a set, 13 

Metric space, 65 

Metric tensor, 244 

Meunier’s equation, 438 

Minimal generating set, 56 

Minimal polynomial, 176-181 

Minimal surface, 454-460 

Minor of a matrix, 8, 133, 266 

Mixed tensor, 218, 276 

Module over a ring, 45 

Monge’s representation for a vector field, 401 

Multilinear functions, 218-228 

Multiplicity 

algebraic, 152, 159, 160, 161, 164, 
189, 191, 192 

geometric, 148 

Negative definite, 167 

Negative element, 34, 42 

Negative semidefinite, 167 

Negatively oriented vector space, 275, 291 

Neighborhood, 300 

Nilcyclic linear transformation, 156, 193 

Nilpotent linear transformation, 192 

Nonsingular linear transformation, 99, 108 

Nonsingular matrix, 6, 9, 29, 82 

Norm function, 66 

Normal 

 of a curve, 390-391 

 of a hypersurface, 407 

Normal linear transformation, 116 

Normalized vector, 70 

Normed space, 66 
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Null set, 13 

Null space, 87, 145, 182 
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Odd permutation, 126 

One-parameter group, 476 

One to one correspondence, 19 

Onto function, 19 

Onto linear transformation, 90, 97 

Open set, 300 

Order 

 of a matrix, 3 

preserving function, 20 

of a tensor, 218 

Ordered N-tuple, 16,42, 55 

Oriented vector space, 275 

Orthogonal complement, 70, 72, 111, 115, 
209, 216 

Orthogonal linear transformation, 112, 201 

Orthogonal set, 70 

Orthogonal subspaces, 72, 115 

Orthogonal vectors, 66, 71, 74 

Orthogonalization process, 71, 74 

Orthonormal basis, 71 
Osculating plane, 397 
 
Parallel transport, 420 

Parallelism 

 of Cartan, 466, 469 

 generated by a flow, 361 

 of Levi-Civita, 423 

 of Riemann, 423 

Parallelogram law, 69 

Parity 

of a permutation, 126, 248 

of a relative tensor, 226, 275 

Partial ordering, 17 

Permutation, 126 

Perpendicular projection, 115, 165, 173 

Poincaré lemma, 384 

Point difference, 297 

Polar decomposition theorem, 168, 175 

Polar identity, 69, 112, 116, 280 

Polar tensor, 226 

Polynomials 

characteristic, 149, 151-157 

of an endomorphism, 153 

greatest common divisor, 179, 184 

irreducible, 188 

least common multiplier, 180, 185 

minimal, 180 

Position vector, 309 

Positive definite, 167 

Positive semidefinite, 167 

Positively oriented vector space, 275 

Preimage, 18 

Principal curvature, 456 

Principal direction, 456 

Principal ideal, 176 

Principal normal, 391 

Product 

basis, 221, 266 

of linear transformations, 95 

of matrices, 5 

scalar, 41 

tensor, 220, 224 
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wedge, 256-262  

Projection, 93, 101-104, 114-116 

Proper divisor, 185 

Proper subgroup, 27 

Proper subset, 13 

Proper subspace, 55 

Proper transformation, 275 

Proper value, 148 

Proper vector, 148 

Pure contravariant representation, 237 

Pure covariant representation, 237 

Pythagorean theorem, 73 

 

Quotient class, 61 

Quotient theorem, 227 

 

Radius of curvature, 391 

Range of a function, 18 

Rank 

of a linear transformation, 88 

of a matrix, 138 

Rational number, 28, 34 

Real inner product space, 64 

Real number, 13 

Real valued function, 18 

Real vector space, 42 

Reciprocal basis, 76 

Reduced linear transformation, 147 

Regular linear transformation, 87, 113 

Relation, 16 

equivalence, 16 

reflective, 16 

Relative tensor, 226 

Relatively prime, 180, 185, 189 

Restriction, 91 

Riemann-Christoffel tensor, 443, 445, 448-
449 

Riemannian coordinate system, 432 

Riemannian parallelism, 423 

Right inverse, 104 

Right-handed vector space, 275 

Right-invariant field, 515 

Ring, 33 

commutative, 333 

with unity, 33 

Roots of characteristic polynomial, 148 

Row matrix, 3 

Row rank, 138 

r-form, 248 

r-vector, 248 

 

Scalar addition, 41 

Scalar multiplication 

for a linear transformation, 93 

for a matrix, 4 

for a tensor, 220 

for a vector space, 41 

Scalar product 

for tensors, 232 

for vectors, 204 

Schwarz inequality, 64, 279 
Screw field, 404 

Second dual space, 213-217 

Sequence 

finite, 20 

infinite, 20 
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Serret-Frenet formulas, 392 

Sets 

bounded, 300 

closed, 300 

compact, 300) 

complement of, 14 

disjoint, 14 

empty or null, 13 

intersection of, 14 

open, 300 

retractable, 383 

simply connected, 383 

singleton, 13 

star-shaped, 383 

subset, 13 

union, 14 

Similar endomorphisms, 200 

Simple skew-symmetric tensor, 258 

Simple tensor, 223 

Singleton, 13 

Skew-Hermitian endomorphism, 110 

Skew-symmetric endomorphism, 110 

Skew-symmetric matrix, 7 

Skew-symmetric operator, 250 

Skew-symmetric tensor, 247 

Solenoidal field, 399-401 

Spanning set of vectors, 52 

Spectral decompositions, 145-201 

Spectral theorem 

for arbitrary endomorphisms, 192 

for Hermitian endomorphisms, 165 

Spectrum, 148 

Square matrix, 4 

Standard basis, 50, 51 

Standard representation of Lie algebra, 470 

Stokes’ representation for a vector field, 402 

Stokes theorem, 508 

Strict components, 263 

Structural constants, 474 

Subgroup, 27 

proper,27 

Subsequence, 20 

Subset, 13 

Subspace, 55 

characteristic, 161 

direct sum of, 54 

invariant, 145 

sum of, 56 

Summation convection, 129 

Surface 

 area, 454, 493 

 Christoffel symbols, 416 

 coordinate systems, 408 

covariant derivative, 416-417 

 exterior derivative, 413 

 geodesics, 425 

Lie derivative, 412 

metric, 409 

Surjective function, 19 

Sylvester’s theorem, 173 

Symmetric endomorphism, 110 

Symmetric matrix, 7 

Symmetric operator, 255 

Symmetric relation, 16 

Symmetric tensor, 247 

σ -transpose, 247 
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Tangent plane, 406 

Tangent vector, 339 

Tangential projection, 409, 449-450 

Tensor algebra, 203-245 

Tensor product 

of tensors, 224 

universal factorization property of, 
229 

of vectors, 270-271 

Tensors, 218 

axial, 227 

contraction of, 229-234, 243-244 

contravariant, 218 

covariant, 218 

on inner product spaces, 235-245 

mixed, 218 

polar, 226 

relative, 226 

simple, 223 

skew-symmetric, 248 

symmetric, 248  

Terms of a sequence, 20 

Torsion, 392 

Total covariant derivative, 433, 439 

Trace 

of a linear transformation, 119, 274, 
278 

of a matrix, 4 

Transformation rules 

for basis vectors, 82-83, 210 

for Christoffel symbols, 343-345 

for components of linear 
transformations, 118-122, 136-138 

for components of tensors, 225, 226, 
239, 266, 287, 327 

for components of vectors, 83-84, 
210-211, 325 

for product basis, 225, 269 

for strict components, 266 

Translation space, 297 

Transpose 

of a linear transformation, 105 

of a matrix, 7 

Triangle inequality, 65 

Triangular matrices, 6, 10 

Trivial ideal, 176 

Trivial subspace, 55 

Trkalian field, 405 

Two-point tensor, 361 

 

Unimodular basis, 276 

Union of sets, 14 

Unit vector, 70 

Unitary group, 114 

Unitary linear transformation, 111, 200 

Unimodular basis, 276 

Universal factorization property, 229 

Upper triangular matrix, 6 

 

Value of a function, 18 

Vector line, 390 

Vector product, 268, 280 

Vector space, 41 

basis for, 50 

dimension of, 50 

direct sum of, 57 
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dual, 203-217 

factor space of, 60-62 

with inner product, 63-84 

isomorphic, 99 

normed, 66 

Vectors, 41 

angle between, 66, 74 

component of, 51 

difference,42 

length of, 64 

normalized, 70 

sum of, 41 

unit, 76 

Volume, 329, 497 

 

Wedge product, 256-262 

Weight, 226 

Weingarten’s formula, 434 

 

Zero element, 24 

Zero linear transformation, 93 

Zero matrix,4 

Zero N-tuple, 42 

Zero vector, 42 




